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1 Introduction

The linear wave equation is given by

2

Cu(t,z) = %u(i,x) — Au(t, x)

where(t,z) € R and A = 7 2

i=1 9z2"

The defocusing energy critical wave equation in R (i.e. 3 spatial dimensions) with initial data is
given by

Ou(t,z) = —u(t, r)° )

The specification of 3 spatial dimenstions is necessary for this equation to be energy critical. Reasons
for this will be made clear in later sections.
In this topics course we will see a proof of the following main theorem:

Theorem 1.1. Global existence for Defocusing Energy Critical Wave Equation
Suppose f,g € C* satisfy
IVfllez + llgllz: < o0

Then a solution u of (1) exists globally in time and u € C*(Ry x R™).

2 The Linear Equation

2.1 The Homogeneous Equation

In order to study the nonlinear equation, we first need to get well aquainted with the linear equation:

Ou=0 5
w(0,) = fi 0(0,) =g 2

where u : Ry x R” — C. This PDE is globally well-posed. That is, there exists a unique solution
for all time for nice enough f and g.
Note on notation: The following notational conventions will be used:

0

Vu uw=0;u, (O1u,...,00u), Ou=u = (Gwu,Vu)

Theorem 2.1. Homogeneous Wave Equation with Zero Initial Data

Let u € C%*([0,T] x R™) satisfy Ou = 0. Fiz xog € R™ and ty € (0,T]. Suppose u = dyu =0 fort =10
and |z — xo| < to.

Then uw =0 in Q= {(t,x) : |x — x| <ty —t}

We can use theorem 2.1 to establish uniqueness for (2). If v and v both satisfy (2), then w = u —wv
satisfies Ow = 0 and w(0,:) = duw(0,-) = 0. Applying theorem 2.1 we see u — v = 0 for all
(t, flf) S R+ x R™.



Example 2.2. Define ®(r f B (r,y)dy. This implies
@W%=/})&fMyMy+/()fMdew
r (2 S(r,x

where o(y) denotes the surface measure. The first term on the right hand side is obtained using the
Dominated Convergence Theorem and the second term is obtained using the Fundamental Theorem
of Calculus. See Selberg’s notes for more detail.

Proof. We will prove Theorem 2.1 using energy methods. Take By = {x : |z — x¢| < to — t}. Thus
B; is a slice of the cone at height ¢t. Now define

(=5 [ WP de= [ @+ u Tuds

Heuristically, this is analogous to %mv2 from introductory physics. We now calculate
/ 1 /12
e'(t)= | wuy+ Vu, - Vu dr — - |u'|* do(x)
By 2 8Bt

1
= / wuet — wAu + wAu + Vu, - Vu de — 5/ W' |* do(z)
By 8

By

1
- / wput — uAu + div(wVu) do — 5/ |u'|? do(x)
By

0B

1
= / wVu -7 do(yz) — —/ [u/|* do(z)
6Bt 2 8Bt

1
[usVu - 7| < Jugl [Vl 7| < 5 (Iu [+ Vul’) = 5l

Next we note

so that €/(t) < 0 for all ¢. This implies e(¢) < 0 since e(0) = 0. On the other hand, e(t) > 0 for all
t by definition. Thus e(t) = 0. It follows that «' = 0 in Q and therefore v = 0 in €. O

Corollary 2.3. Finite Speed of Propagation
Let w € C? with Ou = 0 and u(0,z) = du(0,x) = 0 if || > R. Then we have u(t,x) = 0 for
lz| >t+ R and 0 <t <T.

Theorem 2.4. Huygens’ Principle
Suppose the assumptions of the above corollary hold. If n > 3 and n is odd. Then u(t,x) = 0 unless
t—R<|z|<t+R.

This theorem is extremely easy to break. For example, by introducing geometry, boundary, or
nonlinearity. Conservation of energy is a much more robust tool.

Theorem 2.5. Conservation of Energy
Set

1 1

Bl = & [ Wt de = (el
R

. Ifu € C? and Ou = 0, and for all t we have u(t,x) = 0 if |x| sufficiently large, then E[u](t) =

Elu)(0) for all0 <t <T.



Proof.

%E[u](t) = /ututt + Vu -V, doe = /ut(Du) dx =0

2.2 The Inhomogeneous Equation

Thus far we have discussed the homogeneous linear equation. We now turn our attention to the
inhomogeneous equation, which is given by:

Uu=F (3)
u<07 ) = f; 8tU<O, ) =49

Note that if u = v + w such that v satisfies Ov = 0;v(0,:) = f;0v(0,-) = g and w satisfies
Ow = F;w(0,:) =0 = w0, ), then u satisfies (3).
Exercise: Assume I is "nice enough”. For each s, let

{Dvs(t,x) =0
v5(0,2) =0 Op,(0,2) = F(s, )

Then if w(t,x) = [} vy(t — s,2) ds then Ow = F;w(0,-) = 0 = dw(0, -).

Proposition 2.6. Energy Boundedness
Suppose u satisfies (3). Then we have

/(8 )llze S (0, )2 +/ (s, ) l|z> ds
0

Proof. WLOG, take f,g = 0. Write u(t, x) fo vs(t — ) ds where
Ovs =0;  v5(0,-) =0; Ows(0,-) = F(s,-).

We have

so that

o' (¢, )| 2 < / ||vi(t )2z dz by the Minkowski integral inequality

< / 1F (s, )22 ds
0



Proof. Alternate Proof
We have

d
S Bl = /utDu dv = /utF dr < lugl[ g2l F(8)l|22 S 10/ )21 E ()l 22

We can also write the LHS:

d d1 d
S Blul() = ()l = (8l el (5, ) oo

Combining the lines above we see

d t
Sl (s )llez S IE (s, )z = [l (s, )2 5/0 1E(s, )2 ds

2.3 Solutions Via Fourier
Let f € L'. Then the Fourier transform of f is given by

FUNO = 1(6) = g | e f1a) da

o 271'”/2
We define the Schwartz class of functions as

S={fe€C™®:sup(l+|z])"]0*f| < 0 VN, a}

It is a fact that F : S — & isomorphically. We define the inverse Fourier transform:

) = g [ €A de

- 271'”/2

We also note the fact that F extends to L? as a unitary isomorphism.
The following properties are stated without proof. These can be easily verified using Fubini’s
Theorem and Integration By Parts

1. [fg=[f§

2. frg=[flx—y)gly)dy = F[f xg] = f§
3. Flo*f1() = (i&)*£(9)

~

4. 92 f(§) = Fl(—iz)f]

5 || fllee = ||f||L§ (Plancherel’s Theorem)



Note that by 3, we have
=Y EGE) = —EPf©)
j=1

We use this to define v —Af = .7-"*1[(|§|f)]

Consider the homogeneous wave equation (2). Taking the Fourier transforms in space we obtain:

~

FI0F = A)u] =0=0; a(0,-) = f; 9u(0,7) =
Also note F[(07 — A)u] = (97 + |€]?)d. This gives

sin t[¢]
€]

a(t,€) = f(€) costl¢] + (&)

Now consider the inhomogeneous wave equation (3). Duhamel’s principle gives

. t .
Maazﬂowwm+m@“”“+lﬁﬂﬁlﬂﬁﬂa@w

€] €]

Inverting the Fourier transform in space gives a formula for the solution u(¢, x) :

u(t,z) = cp //el(x W€ cost|E| fy) dydé

i(w—y)fSint’f‘ dud
+cn//e g 9(y) dyd¢

/// o= y)gsm H )|£| F(z,y) dydéds

2.4 Sobolev Spaces
Let s € N. Then we define the H® norm by:

N|=
SIS

/1

w= | N0 = 3 e @l

la|<s |a|<s

Note that 2, €] = (1 + [¢[*)*/?
following definition for s € R:

1F 1l = 1L+ 1E2)2F ()12
me < ||fllze so that H' C H®.

It follows that if s < ¢ then || f]

Proposition 2.7. A first Sobolev embedding
If s > 5 then H® C L.

Note that one can construct a counterexample for s < 7.

8

~ I+ [EP7)72F (€)] e

This motivates the



Proof. Tt suffices to show || f||z~ < C||f]

Hs lf8>g

)| = ¢ / e (c) de]
< / () de

= [1+1ep) 0 Py d

< [/(H [€1%)~ d§} N I+ €172 (€)1 2

The term in brackets is finite provided 2s > n. Thus || f||ze < C||f|zs if s > 3,

We now discuss Homogeneous Sobolev Spaces. Define the H* norm by

is = &P fIlz

1/2
I s €N, then [|fll ~ (X, 10°F122)
This allows us to show the following scaling property:

1f(Az)

_n
e = A

Proof.

as desired.

[f(Az)[(€§) = Cn/e_m{f()\x) dr = cn)\_”/e_ii'gf(l') de=A"f (%)

1f (Az)

2. = [l de

= [gp (5) P as
pe / IR de
AT £

HS

Exercise: If f is compactly supported and 0 < s < §, show || f|

Hsz

2.5 LP Spaces

Here we have a quick review of some basic facts about L” spaces. Define the L” norm by

1/p
1l = ( [ dx)

Then if 1 < p < 0o, L is a Banach space (a normed vector space).

9



Recall: Holder’s Inequality

1
[faller < [[fllzellgllza, p>1, 5Jr_zl

This inequality can be further generalized:
1 1 1
Ifoller < Iflleellglle,  ===+-=
r P (g

2.6 An Introduction to Strichartz Estimates

Strichartz estimates area family of mixed norm estimates. We will be building up to proving some
Strichartz estimates. Here we give an example of one such estimate and an application.
Let u € R x R3 satisfy (3). Then the following estimate holds:

lellzazs S iz + Mgl -1 + 18] o pags

The norm on the LHS is defined by

1/4
Nallzszs = Nliellzallzs = [ / / ult, 2)[* de dt}
R JR3

We will use this estimate to show global existence for
Ou = u®; u(0,-) = f; owu(0,) =g
provided ||f|| g1z + |9l g-1/2 = € << 1 is sufficiently small.
Proof. We will prove this via iteration. Set 1y = 0 and define u; to solve
Ouj = (u;-1)°  w(0,) =f  duy(0,-) =g

We will show {u;} converges. See proof of Theorem 22 in Selberg for details that convergence
implies it converges to u as above.

1. Inductively show there exists a uniform C} such that
Jujllpsrs < 2Che

The Strichartz estimate implies [Ju1 || azs < CL([| £l gr2+lgll g-1/2) = Cre. Assume [Ju; || paps <
2Ce. Then Stricharz implies
lujllpars < Cre+ Cullui ol jass ass
= Cre+ Cilluja[l7a

< Cre+ C1(2C€)?
< 2Ce provided 805’62 <1

10



2. Show {u;} is Cauchy.

It suffices to show
Juj — wjallpeps < Cllujr — ujallpaps

Note that (u; —u;_1) solves
iU (= um1)(0,0) = Ou(u; — u;-1)(0,-) = 0

Thus O(uj —u;—1) = (uf_) +uj_1uj_o+uf o) (uj_1 —u;_s) and we note that (u3 | +u;_yu;_o+
u5_5) € O(|uj—1* + |uj_o|*) Then Strichartz implies

D(Uj — Ujfl) =Uu

Juj — wjallpaps < Cll(Jujr]? + [wj—a]*)uj—y — uwj—o|l| psspass
< C [lJuj-rlFaps + llwj—2lFaps] luj—1 — wjs||zags by Hélder
S 20(201€>2||Uj_1 — uj—2||L4L4

2.7 Building Background Tools

Theorem 2.8. Riesz-Thorin Interpolation
Let T : LPo N LPY — L9 N L% be linear such that

ITfllpos < Mll fllzes withl < pj,q; < 00

Thenz'f0<t<1,pit:ﬁ+L

1 _ 1ty ot
P0 p1’ and qa + a’ then

90

|7 fllzee < My~ M| f|ov

Theorem 2.9. Young’s Inequality
Let Tf = [ K(z,y)f(y) dy and suppose r > 1. Furthermore, suppose

sup || K(z, )|z, sup | K(-, )|l < C
z y

]flSpgqgooand%zl—(%—%). Then

T: PR — LYRY)  and | Tf|ze < Cllf s
Proof. Take % + % = 1. Suppose we can show
L AT fllpee < Clfll
2. |Tfllr < Cll Iz

If so, then
11—t t
g oo 1 1 1 1
S G
p 1

So by Riesz-Thorin interpolation theorem, || T f| e < C||f|lz» We now prove

11



HTﬂhw=:”/fﬂ¢JDf@)dyLw

< [ e AN o Nl e
< Ol fll

1A = | | Kw) 1 (w) dle

< [1x¢.y)

< Sup||K(-,y)||Lr/|f(?J)| dy
< Clflle

f(y)| dy by Minkowski integral inequality

Theorem 2.10. Hardy-Littlewood Fractional Integral Inequality
Suppose 0 < a < 1,1 <p<q< o0, andazl—(———) Set I,f = f f(s)|t —s|~* ds. Then

Hafllze < Cpgall fllze

Note: By Young’s if 1+, = - + |

Mo fllza < 1 F o llls]™lzr

HMﬂmz/iwww=/|¢ws
This just barely fails...

Note: This cannot be true for any other a by scaling. To see this suppose not. That is, suppose
l<p<qg<oo,f#a,0<f<1,and

Wsfllra < CJfllrr forall f

We can take C' to be the optimal constant. Set fy(¢) = f(At).

Isfia(t) = /_OO 1t — s|’5f()\s) ds

[
=\ /OO M — s|7Pf(s) ds
= A1 )(A))

12



Since C' is optimal, there exists f such that

3 o
115 f|ra > ngHLP

But,
1 falle < CllAallee = ClIFA) e = CATYP|| f]| s

~ _ ~ 1apg_1 ~ 1ag 1 C o~
s fillee = AP (I f) (A le = AP0 | T fllpo > A7 q—IIfHLp

Thus we have 1 3 < AP — \eB Since A is arbitrary, this must hold for all A\. Therefore
a—pf5=0.

Theorem 2.11. Hardy-Littlewood Mazimal Inequality (n=1)
Let

t+r
MAO s [ 1) ds
Then if 1 < p < o0, ||Mf||Lp 5 Hf”[,p.

Proof. of Hardy-Littlewood Maximal Inequality

(0] = ] [ r= sl as
< /OO (= s)|Js]® ds
= —3s)||s|7¢ ds —3s)||s|7¢ ds
/|S|<R|f<t s +/ (= )]s

[s|>R

/ =il ds < (b [ -] s
R27F<|s|<R27FH1 |s|<R2—k+1
t+R2k+1
(Rt [ g ds

t—R2k+1

< (R27M) " 2R27H(MIfD()

|f(t—s)||s| ™ ds = / |f(t—s)||s| ds
/s<R H ‘ Z R2-k<|s|<R2-k+1 H ‘
t) Z Rl—a42k(a—1)
k=1

< CR=(MA)(1)
= CRv 1 (Mf)(1)

13



, 1/p'
/ 'f<t—8>|ls|‘ads§||f<t—->||mU s dS]
[s|>R >R

p—1

o0 == 1
< || f[l s {2/ s T dp} ’ note: a—t— —1 + ]
R p—1 gp—1
p—1
= Ol [R5 7

= CR™Y4| f||1»

so we have

/ M=l ds [ 1=l ds < CRSH M) + OR S

[s|>R

P
Choose R = Vl'/{}'é’)"p, then we have

2
q

Lo F(B)] < 2C) F1l0 " (M f])

Which implies

1-2 P
[ afllLe < 2C| fllp “ M F o] La

1—-£ P
= Cllflls ML
< Cllfler

2.7.1 Littlewood-Paley Theory

Fix x € C2° with suppx C [—1,1] and so that x =1 on [—3, 3]. Define S; via

S f=x (I£I> £(€) so that S;=F ¢ (';—J) F. Set Ag = Spand Aj; =S; — S;_1. This is referred to
as the Littlewood-Paley decomposition.

claim: f = Z?io A;f. To see this we note

ZAf Snf=F" (§<m)f>—>fas]\7—>oo

()

Note that

K =807©) w4 = x(leh and 50 = x (&)

Then f; satisfies 0 < 3; <1 and )’ 5]2 <308 =1
Properties

1. supp S;f C {|¢] < 27}

14



2. supp A;f C {2772 < |¢] < 27}
3. S;f = 2J'n\1/(2j~) x f such that U = X
4. Ajf = 2n®(29-) = f such that & = x(¢) — x(2¢)

We also have
p> 1= [[Siflle < [Woallfllze and |A;fl[e < [Pl La][ f]] e

Theorem 2.12. If1 < p < oo then we have

1/2
1 fller S <Z(Ajf)2)

J p

Proof. omitted.

Corollary 2.13. If2 < p < oo then

1/2
[ fllze S (Z ||Ajf||%p>
J
And if 1 < q < 2 then
1/2
<Z HAij2Lq> S flle
J

Corollary 2.14.
/]

He Y 2O 2

2.8 Strichartz Estimates for the Homogeneous Wave Equation

Let (¢,x) € R x R™ and suppose

Ou =0
u(oa') = f; atu(oa') =g

Theorem 2.15. Let 2 <p < o0, 2< g < o0 and

2 n—1 2 n n 1
“< 1-= §=p - — =
p 2 q 2 q p
then
ullrre S A1l gs + Mgl o

15



2(n—1)

We will ignore the endpoint case p = 2,q = —=—~.

Note: The restriction ¢ < oo is not strictly necessary, though we will use it in our proof.

restriction % < "T_l (1 — %) is necessary. This is shown by the Knapp counterexample.

To see that the requirement s = & — % — }D is necessary, we consider scaling. Recall that
LF Q@) s = X721l s

We define uy(t,x) = u(At, Ax), which gives
Ouy =0 ux(0,2) = f(Az) Owuxr(0,2) = Ag(Ax)

Next we calculate

luallzrg = O Aa)lprg = A2~ fult, o)l g
1fF @)l ge = A2 £l 120
IMgOA2) [ 7e-r = X2 gl g
so that in order for the theorem to have any chance of holding, we need
1 n n
poq T2

2.8.1 Proof Using 7T7T* Argument

We showed that if u solves the homogeneous wave equation, then

i,

Note that both terms are linear combinations of eX@él. We’ll examine

alt, &) = cos(t|¢]) f(£) +

eiz‘t\/ﬁf _ f—leiit\§|f(§)
This solves the half-wave equation

{(z’@t +V—A)u=0
U(O, ) =f

Fix f € C2°, supported away from 0, and radial. Set
7f = [ a0 fe) ag

This operator applies eV~ and localizes at frequency 1.
We'll first prove

1T fllzpze S 1 f 2
Let’s begin by finding 7™, which is the formal adjoint of T"

(Tf, Fypz, = (f, T"F)12

16
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In other words:

//Tf-ﬁdxdt:/f-T*F dx
We calculate

// Tf-F dedt = //(Tf)“ I dédt  where the FT is spatial, by Parceval

= [[ 8©e"e fOF@.6) ded
— [ fte) [ B@empe,6) at ag
_ / f(z) / / e BE)e- B (t, €) dtde do

T*F = / / e EB()eME P (¢, &) dedt

:/ W) (|§] €) d¢  where the FT is in space-time

So that we find

Recall from Measure theory that if 1 < p < oo and 117 + % =1, then

11l = sup{[{f, )] : g € " Mgl < 1}

So, if 1 < p,q < oo, then

[Ellzp2g = sup{[{F, G) : |G| o o <1}

'Ly
Theorem 2.16. The following are equivalent:
1. T: L*R") — LYLY(R™™) is bounded.
2. T* : LV LY (RY"™) — L2(R™) is bounded.
3. TT*: LV LY (R™") — LPLI(RY™™) is bounded.
Proof. (1) = (2)
(LT ) =TS ) < T fllrrall Fll o por < 2l Fll o o
Taking the supremum over all f such that || f||zz < 1, we find
1T Fllr2 S N o o
as desired.

2) = (1)
(TF, ) = [T ) < A2 T Fllze S el E ] g o

Taking the supremum over all F' such that ||F||,,/,+ < 1, we find
1T fllerza S N1 F1le2

as desired.

17



7T F)|ree S NTFllze S E | o o
IT*Fl7 = (T"F, T« F) = (TT*F, F) < ||F||p 1 ITT"Fllzora SIF 700 0

By theorem 2.16, we have that proving (4) is equivalent to showing that
ITT"F|zrra S NF o o
Next we compute (TT*F)(t,£) and TT*F":
(TT*F)(t,€) = " IB(&)(T"F)
= I5(¢) [ R, €)ds
= INBOIPF (s,€) ds
TTF = / / Sl () [2E (s, €) dsde
= [[[ et 5@ depis,y) dyas
=KxF

where K(t s — y) — fei(az—y)'ﬁei(t—S)lﬂ|B(€)|2 d€.
Now fix t and look at

Fro Kox f = K(to) s £ = [ [ @0t s)2 () dedy
Lemma 2.17. We claim

(1) 1K * fllez S 11Nl

2 K, = o < % 1
(2) 1K flie § — LSl

Here (1) is essentially an energy estimate and (2) is a dispersive estimate.

Proof. Using the above computations we show

(1) | . .
1K * fllze = (Ko flllze = 1eNBE P Fllze S N fllzz = I1f 122

18



(2) Claim: Take do(€) = [,,_, €5 do(w) then |do(€)| < (1 + [¢))~""

For now we assume the claim. We have

K(t,x) = / ¢Sl ()2 de

= [ [ enat) dotrdp

- / éa(p)do(p)dp

Here a(p) = |B(p)|*p" " We consider 2 cases:

Case 1: [t| > 2|z|
In this case we have |z -w +t| > [t| — |z] > ‘—;' We note that

S 0 1 )
| ey an= [ SO (€7 )a(p) dp
0 0

i(x-w+t))

We can use integration by parts to evaluate the integral. Thus

[ et do| < Ot i < O
0
Returning to our expression above for K (¢, z) we find

|K(t,l’)| S ON2N|t|_N/ 1 da(w) = An_10N2N|t|_N
S§n—1

where A,,_; is the surface area of S* 1.
Case 2: |t| < 2|z]

Here we evaluate
K(ta)| < [ ldo(pn)ao)] dp

0
o a1

< / pal "7 a(p)| dp
0
a1 [

<o [ P alp) dp

0

_n—-1

Combining cases 1 and 2 we have

1K flliee < 1Kllooll fllz S (1 1) 777 [ Il

as desired.
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It is left to prove the claim. A full proof is omitted, but we make a a brief argument for n = 3.
It is left as an exercise for the reader to show do is invariant under rotations. It then suffices
to take & = (0,0, p) with p = [£].

s 2m
do(0,0,p) = / / "% sin ¢ dfde
0o Jo

1
= 27r/ e du
-1

1
— 2_7Teipu

ip -1

B At (e — 7P
o 21

sin(|¢])

=4r—"

€]

We immediately see the desired decay as || goes to infinity. The Taylor expansion of sin
handles the possible singularity at || = 0 so that it remains bounded.

]

Lemma 2.17 along with the Riesz-Thorin interpolation theorem gives for all ¢, p such that

1_s+1—3_3 1_34_1—3_1_’_1 2_1 1_1
g 2 oo 2 p 2 1 g g  q (
we have . )
Ki* flla S o e = o Sl
s e & sz Wl = gl

Returning to our expression for TT*F we calculate
7T Pl = || [ Ko Pls.o) dslu
< / | Ki—s % F(s,-) ds||pa ds
< / (1 [t =)~ T D F(s, )| o ds

ITT Fllzese S H / (Lt = s) "2 D F(s, )| ds

Lp

.2 n—1 2
Case 1: > < T(l — 5)

Since 1+ % = z% + %, Young’s inequality implies

1
2

[TT*Fllere S =
(L Je]) =0

~Y

||FHLP’LQ/
Lp/2

Here the L”/? norm on the RHS is finite since 1 < 25(1 — %)g.

20



Case 2: % =21(1— %)

Here we have
1 1 2 1
l+-=—+4+-==+a
p p p p

where o = 24 (1 — %) Thus by the Hardy-Littlewood Fractional Integral Inequality

5 HFHLP’LQ’
r

) 1
T Pl 5 | [ 2l
So now we have |TT*F| rra S || F|| ;0 which is equivalent to (4) by Theorem 2.16.
Next we let w(t)f = ™ =2 f or in other words w(t)f(£) = e f(£). Our goal is to show
Hw(t)fHLfL; N

Fix 8 as in Littlewood-Paley theory. Then Zjez I6; (2%) =1 for all £ # 0. We set

Af =8 (%) f(€). Then f = > e oo Ajf. Furthermore we note that w(t) and A; commute since
they are both Fourier multipliers so that

Of =D wt)Ajf=> Auw(t)f
wt)A, f = [T (f (ﬂ)} (291,27 7)

Proof. To prove the claim we calculate

WA = [ eietels (;) fe) de

(5)

We now claim

(s ()] e

Next we find

(), Flurse = |7 (1 ( ;) @2l

(s (2)) ()

1
=2/

LrlLa

< 9i(=3=9) <_>
= 2G50 £ 2
ZTHNH

21



Note that AjA, = 01if |j — k| > 3 since A; and Ay, restrict to different frequencies. Therefore
Af = A (ZA,J) = Y AAS
k i—k<3

Thus we have

lo(OA; fllrze S Y lw()A; A f||zors

|7 —k[<3
S D 2°1Akf e
|7 —k[<3
S Y 2Akf e
l7—k[<3
This gives
1/2
[wfllzrre = (Z(wﬁjﬁ)
J LrrLa
1/2
< ZHwAij%W)
J
1/2
SO D0 2PlAfI
J1i—k[<3
1/2
SIS DD 2ElAslz
ko |j—k|<3
~ || f11%

This concludes the proof of the Strichartz estimates.

2.9 Strichartz Estimates for the Inhomogeneous Wave Equation
We now turn our attention to the inhomogeneous equation
Ou = F(t,x)
{U(Uv )= fz) 9u(0,-) = g(x)
where (t,z) € Ry x R™

Theorem 2.18. Suppose u solves the inhomogeneous wave equation for n > 2. Furthermore suppose
2<p,p<ooand?2<q,q< oo with
2 n-—1 ( 2) 2 n-1
- < I—- - <
D 2 q D 2




n 1 n n 1

o =g os=ot - =2

qg p 2 q p
Then

lullzrre S I £

Additionally we include a simplifying assumption that (p,q), (,§) # (2 2(n_1)>

’ n—3

i 9l + |1 Fllpa

Recall that the Fourier transform side of the solution to the inhomogeneous equation is given by

ey f Lo sintlé] o ffsin(t — s)[¢] -
it,6) = F(©) costle + 9(6) T + / TR as

Using Duhamel’s principle and Strichartz estimates for the homogeneous equation, we may assume
that f = g = 0. Thus, after localizing, it is left to bound.

S
/0 / o e PO F(5.€) deds (6)

We note that -
177F = [ [ et I s P (s.6) deds

We have already shown 7T7* : L LY — LPL9 is a bounded linear operator. This is easily extended
to LP'LY — LPL. If we can use this to bound (6), then we are done. This is accomplished by the
following lemma.

Lemma 2.19. Christ-Kiselev Lemma
LetY and Z be Banach spaces and assume that K (t, s) is a continuous function that gives a bounded
linear map from'Y to Z for allt,s. Suppose that —oo < a < b < 0o, and set

TH(t) = / K(t,)/(s) ds

Assume that
1Tl 2aanyz) S I fllzramy v
Set ,
W) = [ K9)f() ds
Then, if 1 < p < q < o0,
W fllzsany,z) S 1 f 1l Le(an),v)

Proof. Normalize f so that
1Az (@) = 1

WLOG we may assume that f(s) is a continuous function with values in Y and if
t
P = [ I8 ds
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then F': (a,b) — (0,1) is strictly increasing and hence a bijection. It follows that if I = (¢,d) C
(0,1) is an interval, then so is F~1(I) = (F~1(c), F~1(d)) and we have
F=(d)
e @S oy = [, IFOI ds = FEa) - FE ) =111 (7

(c)

Next we consider the set of diadic intervals
{(k—1)277 k2771 <k<2 :j=1,2,3,...}

We define a relation between I and J denoted I ~ J if [ and J have the same length, I is to the
left of J, and I and J are non-adjacent but have adjacent parents. Here we say that I is the parent
of I if T is in the set of dyadic intervals for a fixed 7, I is in the set of dyadic intervals for j — 1,
and I C I. Note that if J is fixed, there exists at most 2 I’s such that I ~ J. Furthermore, for
almost every (z,y) € (0,1) x (0,1) with z < y there exist unique I/ and J such that x € I, y € J,
and [ ~ J.

Take x = F(s) and y = F(t). Then for almost every s,

X{(s,)€(ad)x (ab):s<t} (5, 1) = X{(zy)e(0,1)x (0,1 )x<y}($ Y)

(zy
Z
Z s)Xr-1()(t)

Thus we have

Wf= T(X{ s,t) s<t}f Z XF-1 (XF*l(I)(S)f(S))

{1,7:1~J}
Using the Minkowski Integral Inequality we conclude that
Wl < > xe T )l
J=2 {I,J:I~J|I|=2"79}

Note that

Z xr1) T (X1 f) = Z Z xr1) T (xr-11)f)

{I,J:I~J|T|=2-7} {J:|J|=2-3} {I:I~J}
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We use the fact that for each J there are at most 2 I such that I ~ J to find for fixed J

I > xe T Dl <D0 D xra T f)lle

{I,J:1~J|I|=2-7} {J:|J|=2-3} {I:I~J}
SH Z XF-1(J) Z T(XF—l(I)f)HLq
(J:|J]=2—9} (I:1~J}
<2 > Thrnf)lle
I:|I|-2—J
<2 Z |T(Xr-11)f) | La
I:|I|—2—J
1/q
<2 Y T H)l
1| 1] -2
Then by hypothesis and (7) we have
1/q 1/q
> Tl SO ISl
I:|1|—2-J L.|1—2-J
1/q
_ Z 9—3ja/p
I:|I|—2-9

— 9—i(l/p=1/q)
[t remains to sum over j, using p < ¢ to show —(1/p —1/q) < 0, to obtain the desired result. [

This concludes our discussion of the linear wave equation. In the following section we turn our
attention to the nonlinear equation and discuss the energy critical case. Many of the tools developed
in our work with the linear wave equation will be utilized as we explore the nonlinear wave equation

3 Introducing The Nonlinear Wave Equation

The nonlinear wave equation is given by

Ou = F(u)
u(0,-)=f Owu(0,:)=g

where F': R — R is a nonlinear function. We will discuss nonlinearities with exponential behavior,
paying careful attention to the value of the exponent.

3.1 Small Data Theory

Consider the nonlinear wave equation

Ou = F,(u)
U(O, ) =f 8tu(07 ) =49
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where
F. e C'(R) |Fe(u)| S ul* |Fu(u)] S [uF(u)] S |Fa(u)]

In other words, the nonlinearity behaves roughly like +|ul”.
We begin by stating some general Sobolev inequalities that will be useful.

Theorem 3.1. Sobolev Inequalities

(1) Let m € N and assume 1 < p,q < oo satisfy

m
n

==
Q|

Then we have
1oy S D 10%f o)
|a|=m
(2) If p> = then
1l S > 10%f ey

la|<m
Example 3.2. Sobolev Inequalities

(a) We showed

. n
Hs(R™) ZfS > 5

1f Lo ny S I1f]
which is equivalent to (2) when p = 2.
(b) Consider the case whenn =3, m =1, and p=2. Then ¢ =6 and we have
1 llo@s) S NV fll2es)
We check the scaling for this inequality

1FA2) | oy = A2 [ fll Lo es)

IV (f(A2))[[L2@sy = AM[(VF)(A2) || L2msy = AN 2|V fl| p2@sy = A2 |V f || 2wy

Thus we have the desired scaling.

Theorem 3.3. Global Existence and Uniqueness for Small Data
Let k > 3 and set v = % — -2 Then there exists ¢ > 0 such that if

k—1
1l + gl <€

then there exists a unique global (weak) solution to (8).
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Note that if the size of the data is €, then the linear approximation is roughly epsilon so that
F,.(u) ~ €*. Thus we see heuristically that as k gets larger, working with this equation should get
easier in some sense.

The bound on k is not sharp for obtaining global solutions to (8). The Strauss conjecture (which
has been proved) states that there is a global solution for £ > 1 + /2. In general we must have
v > % — % to have a solution. A fact due to John, which we state without proof, gives that for
each k > 1 + /2 there exists a solution with more restrictions on both the nonlinearity and the
data.

Theorem 3.4. [John]
For all k > 1+ /2 there exists a g € C° such that

Ou = |ul”
{u((), ) =0:0u(0,-) =g 9)

has lifespan T, with 0 < T, < oo.

If u solves (9), then u, = = (ﬁ, f) solves the same equation with data (0,g.), where g. =

e Tl g (f) The lifespan of u, is then given by €™ and we have
3. 2
gellgn—r = €277 71| gl g

Note that the exponent on the RHS is positive if v < % — % Thus as € — 0, the lifespan, size of
the data, and the size of the support shrink.

Exercise 1. Add translates and dilates of g to show that there does not exist a strip [0,T] x R3

' Cote i 3_ 2
where a solution exists if v < 5 — —=.

Recall the inhomogeneous Strichartz estimate
[ullzrre S 110, )l g + [[0¢u(0, -)]

for the appropriate numerology.

Hsfl + |||:|u||Lﬁ/qu

Exercise 2. Show the stronger bound

s +[10pu(T )]

s S Jul0,-)]

irs + 18 (0, )|

||U||LPL‘1([0,T]XR") + (T, )| fs—1 ||DU||L15’L§’([0,T]an)

3.1.1 The Range 3 <k <5

Let 3 < x <5 and take v = % — % In this range we have the following Strichartz estimate,

lull o e+ (T Y + 10T, s S (0, Vs + 100, Ms + 100l] 2

(10)

Proof. (of Theorem 3.3)
We set u_; = 0 and let u; solve

Ouj = Fio(uj-1)
Uj((), ) = f; atu(oa ) =g
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Step 1: We first use induction to show [Ju;|| 2. 26 Se.

LT L2=v ™~
By (10) we have

luoll e 2o < Co(llfllizr + 191l g2-1) < Coe

L1+w L2=7

For our induction hypothesis, we assume ||u;_ 1HL12+RWL22F~ < 2Cpe. Now (10) implies

lugll g, e < Coe+ CllFulus)l iz o

< Coe + Clffu[*]] 2

LT 75

< Coe + CH“j—l||212an22%~7

S 006 + C(QC@G)R
< 2Che provided 02"‘06"16””’1 <1

Step 2: Next we show

Jwj — wj1]] < Sllujor — w2

2K 2K
LT+7 2= LT LS

This gives us that the sequence is Cauchy. Since LP spaces are complete, the sequence con-
2K 2K
verges to some u € L1+ L2=7. We note that (u;_; — u;j_z)solves

O(uj1 — uj—z) = Fo(uj) — Fi(uj—)
(uj—1 = 1;—2)(0,-) = 0= Jy(uj—1 — u;—2)(0,-)

Furthermore

Fuluyon) = Fuluy-a) = [ 01 [Fufsusoa + (1= s)uga)] ds

1
= / Fy(suj + (1= s)uja)(uj1 — uj—2) ds
0

By the properties of F! we get
1
/ Fy(suj1 + (1= s)ujs) ds € O(fuj—1|" ™" + [u;-2*")
0

By (10) again we have
QH < C ||Ff§(u‘7—1) - F (u] 2)”

luj =il 2 2e <

#5255

< Ol (et + izl 1)(%‘71 —uio)ll 2 2
<Ol g+ el e | s = yall e

L1+7L2 v
CQ(QCOG)K 1Huj 1 Uy 2HL1+“/L2 ¥

Choosing € sufficiently small so that the coefficient is < 1 5 we complete our argument that u;
is a Cauchy sequence. Note that the limit of this sequence satisfies (8) so that the proof of
existence of a solution is completed.

O

28



3.1.2 The Range x> 5

Next we consider the range k > 5. Recall the estimate

[oll s + l0(T, )y +10e0(T ) -y S 000 )3 + 160, ) g + 15015, 4

_1
Apply this to v = (v=A&)"  u = (|g|v—%a(t,g))i
We claim that if Cu = F then O = (v=A)""* F

Proof. (of claim) Without loss of generality we take u(0,-) = 0

have the representation
tgin(t — .
it.e) = [ WF(&@ ds
0

multiplying both sides by [£ P’% gives the desired result.

We note the equalities

I(V=AY2u(T ) g = (T ) g I(V=B)"20u(T, )

-4

and plugging these into the above bound obtain

I(V=R) 2l gt (T, ) g+ 10a(T, M s S (100, )] o 1000, )| -1+l (V=2)"200

In general for ¢ > 4 we have the following Strichartz estimate:

[l sa S Hl0(0),

LarLa-1 "~

3+ 1000(0, )]l -y + 1000 44

2 L3L3
Then if v = % — % we have by the Sobolev inequalities

_1
lullzgey S DI 2ull - sq

LaLa
_1
S w0, ) g + 10600, )| ggomr + ([ D] 2 0w,

4 4
3L3

where |D| = v/—A.

= [18ru(T, )| 7+

(0, -). Then if Ou = F we

(12)

In order to prove the existence of solutions we will use the above calculations as well as the following

lemma. We save the proof of the lemma for later.

Lemma 3.5. Let F € C' and suppose there exits a Cy such that

W) _

“ <) <

Then if 1 <qg<r,p< o0, O,agland%—%%—%, we have

D17 F(u)llza S I ()]l o 1D 7wl -
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We are now equipped to prove the existence of solutions to (8).

Proof. We set u_y = 0 and for j > 0 define u; as satisfying
uj = F(uj1)
ui(0,)) = f Ou;(0,) =g
Take vy =3 — -2; and ¢ = 2(k — 1).
Step 1: Define
_2
Am(T) = |HD|1 R‘1Um|’L4L4(()0,T]xR3) + ”um||LqLQ((O,T]><R3)
Our goal is to show A,,(T) < 2Cpe. By (11) and (12) we have Ag(T") < Cye and
An(T) < Coe + CIDP ™ Fulum )l 4,1
< Coe + CJ| P (um-1)l 222 |1 DI~ 2ttt | a1
< Coe + Cllwn1 52 £l DI~ 2t | o
< Coe+ C(Ap_1(T))"
S Coﬁ + 0(2006)"{
S 2006

for sufficiently small e.

Step 2: We wish to show [[uy — wm—1l|pazs < 2|thm—1 — wm—2|zars in order to establish {u,,} is a
Cauchy sequence. Thus the sequence converges, and the limiting function satisfies (8).
||um - um—1||L4L4 < COHFH(um—l) - FH(UW—Q)HL%L%

< Ol (e + Tt Metms = sl 4,3

<C (Hum_luL2M + ftol ;;3“)) -1 — ol iz
t,x

t,x

< C(4Co€)"  Htm-1 — U2 Laps
O

A quick note on uniqueness: if u; and us are solutions of 8, then an argument similar as that above
can be used to show

1
llur = ugl|paps < §||U1 — Ug||paga

and thus u; = us.
The lemma used in the existence proof is a special case of the following lemma, which we will
(eventually) prove in full.

Lemma 3.6. Let f : R¥ — R be C' and assumee F(0) = 0. Suppose F satisfies
[F' (7o + (1 = 1)w)| < pu(7)[G(v) + G(w)]

for some G >0 and p € L'[0,1]. Then if s € (0,1), ¢ € (1,00), and % = %—I—% with p € (1,00] and
r € (1,00), we have
IIDFF@)]e S I1F ()]l e || DI*ul| -
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In order to prove this lemma we will need some background work. First, we bring the Hardy-

Littlewood Maximal Function to the reader’s attention. This function is given by

My () = sup ——

U B ] B(x)! ()| dy

We state as fact, if 1 < p < oo then

[IMflle SN fllze-

Moreover, if f € L} then

loc

i 1
im
r=0 | By ()] Jp, ()

fly) dy = f(x)

for almost every .

We also state as fact the Vector/square function estimate, which is due to Fefferman-Stein:

1 < p < oo, then

I (Z( gk)2> e S (Zm@) v

Next we recall some notation and a fact from Littlewood-Paley theory:
_J1 el =g

B(€) = x(§) — x(29)

Ajf = (B;(OF &)
SR =f€) veE#0

jez

Then if 1 < p < oo we have

[ fllze = | (Z(Ajf)2> e

JEZ

Lemma 3.7. Using the definitions of 5; and M above, we have

/|v(x) —v)||B;(x — y)| dy < C(M)v(z) a.e

where C' 1s independent of 7.
Proof. We consider [ |v(z)||B;(x —y)| dy and [ |v(y)||8;(z — y)| dy separately.
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Step 1 Fix € > 0, then there exists an r > 0 such that

1
|Br ()] J B, (2)

lo(y)l dy < € + Mo(z)

We also note that ,
Cn2om

(2 4 27|z|)N
where the equality follows from a change of variables and the inequality follows from integrat-

ing by parts. Integrating both sides (using u substitution with u = 27|x| for the RHS), we see
clearly that

18j(2)| = 27"(3(2x)| <

J15@I s <c
where C' is independent of j.

Step 2 We now consider

/ ()16 (x — )| dy < Cx / : 27 lo(y) dy

2+ 23‘1’ — y‘)
c 2 )
- {/lmylﬂj (2 + ZJ']:L* — y’)N|U(?J)| Y
2imn
! / ' v(y)| dy
k‘zzj QkS‘CE—y|§2k+l (2 -+ 2.7‘3;' — y‘)N' (

" - v v)(z
/|56y<?_j2 lv(y)| dy = 5 /lmqu_jl (y)| dy < (Mw)(x)

9Jm g 2(j+k)n 1 i< C 2(k+])( ) M
/ Sl d < oo /| iy SOy (M)o(x)

Choosing N > n completes the proof.

Lemma 3.8. The following inequalities hold in general:
(1) |Apv(x) — Apo(y)| < C2F |z — y| fol Mou(sz + (1 —s)y) ds
(2) lv —yl <27% = |Apv(z) — Aro(y)| < C2%|z — y|Mo(z)

Proof. We first note the following calculation

|Apv(z) — Apo(y ’<C‘/ ) (Br(x — 2) = Brly — 2)) dz

—C‘/ Dﬁk (sz+ (1 —s)y — 2)|z —y| dsdz
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(1) We note )
(DB)(sz + (1= s)y — 2)| = 252" [(DB)(2" (s + (1 = s)y — 2)))|

Then the lemma follows by applying the proof of Lemma 3.7
(2) We have
o —yl<2F > se+ (Q-s)y—zl=|z -2+ (1 —s)(y—a)| > |z —2[ - 27"

It follows that ] 1
<
(2+ 2¥[sz + (1 — s)y — z|)N (T4 2%z — z|)N

Therefore |z — y| < 27 gives
A 1 okn
|Agv(z) — Apo(y)| < C2%|x — y| ‘/v(z)/o A28 e =27 dsdz

2kn
= 02"z — d
= 02—l f te) gy e
< Mu(x)

where the last inequality follows from the proof of Lemma 3.7

]

Let ¢ € C2° be supported away from 0 such that ¢(§) = 1 on the support of 5. Then set
wr(&) = (2k) and define i
(Agu) = er(§)u(§)
Then we have 3
ArAru = Apu.
We can now change part 2 of the previous lemma to
2=yl <27 = [Bihw(e) — BAw(y)] < €2z — ylM(Avw)

Lemma 3.9. With the above notation we have
[ 1800(0) = A3z — )] dy < CF 7 M(Br) @)

Proof. Lemma 3.8 part (2) gives
[ 18w - Al - )l dy < CEM@)) [ o=yl - ) dy
oyl fo—yl<2
k—j3 2]71
S 02 M(Akv)@)/ (1+ 20z — y[)N-!

Age()] + [Ago(y)|2m
<
= CN/ 1+ 2le — g 12—y

dy

y 2in
<02 [ g (Ale) = M) dy
< ON2" T M(Agv) ()

where the last inequality follows from Lemma 3.7. O
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Lemma 3.10. Let H(y) > 0. Then we have

/ [v(2) = v()||B;(x — y)|H(y) dy < |v(x) MH(2) + M(vH) ()

Proof. Omitted. Same as proof of Lemma 3.7 O
Lemma 3.11. Let H(y) > 0. Then

/ [Apo(z) = Awo(y)l]3(z — y)[H(y) dy S 2" M(Aw) (@) MH (2) + 28T M(|Ayo| H) ()

/ o @)= AW H )i —y)| dy $ 2 Mo(a) [ o=y H@I3 )] dy £ 2 Mo(a) M )

y)2" [Av(y)|H(y)2™"

tAyPQJAw() Ao @) H®) 55 — v)| dy S |Avo(a r/"1+mu sy i+ [ Sy

< 2" (Apv(@) MH (2) + M(|Agv| H) ()

]
We now return to the proof of Lemma 3.6.

Proof. We begin by noting

/Bg dy = /e_o'yﬁj(y) dy = B;(0) =
Thus we have for H(z) = G ou(z

[ =@ enw a
‘/ﬂjx— )(Fou)(z) — (Fou)(y ))dy'

|A;(F ou)(z)]

S [t = pI(HE) + HE)lulz) - u(w)] dy
ZH(SC)/Wj(x—y)IIU(w)—U(y)! dy+/|5j(x—y)lﬂ(y)IU($)—U(y)l dy
=I+1I

15 Y H) [ - i) - M) dy

k>j

+)_H /|ﬁ]fﬂ— NAu(e) = Aguly)] dy

k<j

S H@M(Awu) () + Y 28T H(z)M(Aw)(z)

k>3 k<j
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where the last inequality follows from Lemma 3.7 and Lemma 3.9.

153 [1te - IH@IwE) - Saty)] dy+ Y [ e~ )| HG)Awule) - Auly)] dy

k>j k<j
S (1Agu(@)|MH () + M(|AgulH) () + > 287 [M(Agu) (2) MH (2) + M(|Agu| H) ()]
k>3 k<j

where the last inequality follows from Lemma 3.10 and Lemma 3.11. Next we calculate

Z22jS|A]‘FOU( )|2 < (MH (x (22%8 (ZM (Agu)(z > 22238 (ZQk IM (Agu)( )) )

jez k> k<j

+Zz2ﬂs <ZM |ApulH)(x ) +) 2¥ (ZQ’f IM(|AgulH)(z ))

k>3 J k<j

We note

J k>3 7 k>3

-3 (z 2B A M (e <x>>>
< Z 2%8 Aku ))2

where the last inequality follows from the assumption s > 0 and Young’s inequality.

222_73 (Z 2k—i A (Agu)( )> _ Z (Z 2(18)|kj2k3M(Aku)(lL“)>

< Z 22ks Aku ))

Then we have

[[DIP(F o u)(@)]|ze S [Z 278G F o u(x))?

1
2

N
M
o
s?
|>
=
@
~
N[

(Z 2 (M (| Al H) (x)) )

La La
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where the first inequality comes from Littlewood-Paley theory.

(Za%s Am))) < |MH(@) |2 (Zﬂs Aku<>>2>

L4 r

1 1
2 2

2
S [ H] e (Z Q%S(AW)Q(SU)> S e [P ull e
k

L

where the last inequality comes from Littlewood-Paley theory.

(Z 2kS(M(|AkU|H)(w))2> S (Z 22'“5|AW(90)I2> H(x)

La k La

S 1 H][ e (Z 22’“(AW)2(96)>

k
S H || o[ Dl -
where the last inequality follows from Littlewood-Paley theory. m

This ties up the loose ends in the proof of the existence of solutions for the range x > 5.

3.2 An overview of the Defocusing and Focusing Wave Equations

Before exploring the energy critical defocusing wave equation we make some notes on the contrast
with the energy critical focusing wave equation. The focusing wave equation is as above except
with the sign change: (97 — A)u = u®. We state some facts about the focusing equation:

(1) There can be blow-up for C'2° data.

For example, take

u= G)‘l‘@_t);

Then uy = u° and Au = 0. To get blow up for C° data take the backward light cone with
point at ¢ = 1, = 0 with initial data that is supported there then we get blow up as ¢
approaches 1 for ||Oyu/| 2

(2) Stationary Solutions

There are nonzero stationary solutions —Ah = h°. But in the defocusing case, these cannot
exist. If a solution to Ah = h° did exist we would have

/|Vh|2dx:/—(Ah)hdx:/—h5~hdac:—/hﬁda:

which implies h = 0.
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(3) Conserved Energy
We have Cu = Fu® gives

Bu)(t) = /%\u'(t,m)ﬁ + %uﬁ iz

is conserved. For the defocusing case this is a coercive energy that is strictly nonnegative.

3.3 General Data for the Defocusing Wave Equation

The defocusing energy critical wave equation is given by

(07 — A)u = —u’
{“(07‘) =f 0w(0,) =g (13)

Here we consider (t,z) € R x R?.

3.3.1 Energy Critical and Subcritical Wave Equations
Suppose u solves (13). Let uy(tx) = Azu(At, Az). Then we have

Dy = A2A2(0u) (M, Az) = —A2 (u(ME, Ax))® = —ud
Furthermore we have u, (0, 2) = Az f(Az). We note

N[V (FO@))llzz = A2 (VA2 z2 = IV ]2
Similarly
10wt (0, )22 = [[Geu(0, )| 2

Thus we see that the energy is preserved under scaling.
We state the following standard local existenc theorem.

Theorem 3.12. Suppose u satisfies

{Du = F(u(t,z)) 14
w(0,2) = f(z);  Ou(0,z) = g(x)

and assume F € C*, F(0) =0 and f € C3,g € CZ.
Then there exists T > 0 such that we have u € C?*([0,T] x R*) solving (14). Moreover, if T, is the
sup of all such T and T\, < oo then ||u(t,-)| e — 00 ast S T,.

Lu = —u® 15
w(0,) = f: dul0,) = g (15)

We now look at

for 1 < k <5.
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Proposition 3.13. In this case we have the same result as above as well as T* = oo or u ¢
LiL2([0,T.) x R3)

Proof. Suppose u is a solution to(15) on [0,7,) x R? such that v € L{L? then we need to show
u e L3([0,T,) x R?).

Fix R such that u(0,x),0u(0,x) = 0 if || > R. Then u(t,z) =0 if [x] > t+ R. Take 0 <t; < s <
T,.. We have

sup ||0=1u(t, )| zs < sup |0=10,u(t, )|z by Sobolev embeddings
to<t<s [to,s)
& <101 (to, - tials'0]
SN0z ' (to, )l 2 + llpartials Oul| 2
< Clto, R) + CllJul* "0 ul| 112

Case 1: Energy Critical (k = 5)

sup [0 u(t, ) [[ze < Cto, R) + Cllful*[[ 122 sup [|0= u(t, -)| s

[tOvS) [to,s)
= Clto, ) + Cllulepse 5up 10 ult, el
to,s

Since ||| pap12 is finite by hypothesis, we have ||u|| a2, s)xrs < € if T —tg << 1. If T, =ty << 1,
then

1
sup [| 0= u(t, )||zs < C(to, R) + = sup
[t0=s) 2 [t0=5)

which gives
sup (| 0= u(t, )| s < 20(to, R)

[t075)

Finally by Sobolev embeddings and letting s increase to T, we have

sup [u(t, )| ze
[t0=T*]

as desired. The interval [0, to] is trivial.
Case 2: Energy subcritial (1 < k < 5)

sup [[0=u(t, -)[[zs < C(to, R) + CllJul*"||ppa sup 0% u(t, ) 2o

[tO’S) [t07s)
= C(to, R) + Cllull ity ey sup 10=" ][ o
to,s
Since kK — 1 < 4 and thus 3(k — 1) < 12
HUHZZ_lngwl) < O, rllullzars
The desired result then follows as in the proof of case 1. n
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3.3.2 Subcritical Global Existence

Uu = —u® 16
w(0,) = £ 90, ) = g (16)

We consider the equation

with 1 < x <5.
Proposition 3.14. If u € C*([0,T.) x R?) solves (16) for 0 < T, < oo and g(z) = 0 = g(z) if
|z| > R. Then

1 1
Blut) = / S (40P w4 2) do = B(w,0)

PTOOf.
Uu Ut Ui Utq U u Xz
lt ) t it 9 Wiy t

i=1

— /Ut(utt — AU, + un) dl‘
0

[]

Lemma 3.15. Let 0 < Cy < oo and assume y satisfies 0 < y(s) € C'[a,b), y(a) = 0, and for some
oc>0

y(z) < Co+e(y(s))”
Then if € < 27°C3 7, then
y(s) <2Cy Vs € [a,b)

Proof. Define A = {s € [a,b) : y(s) < 2Cy} We wish to show that A is nonempty, closed and open.
This will give A = [a,b) as desired.
nonempty: We have

y(a) =0<2C) = A#0)

closed: Note that
A=y~ ((—00,2Co))

Since y is continuous, A is closed.
open: Fix § > 0 such that (1 +§)7 = ¢ 1277C;77. Fix s € A. Since y is continuous there exits
6 > 0 such that

s —t] < 6,t € [a,b) = y(t) < y(s) + 2C6 < 2C,(1 + 6)

But
y(t) < Co+ €e(y(t))? < Co+ €(2CH(1 4 0))° < 2Cy

Thus A is open. O]
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Theorem 3.16. Global Existence, Subcritical Case
Let 1 < k <5 and consider the equation

{Du% —_]u\“ N (17)

with f € C3 g € C?, and (t,z) € Ry x R3. Then there exists a global solution u to (17) with
u e 02(R+ X R3>

Proof. Recall
1 1
mmwz/gmwwW+;;1mwwwwm=Emm

WLOG we can take the data to be compactly suported. To see this, fix x € C2° such that x =1
on |z| < 1. Set fgr = X( )f and gr = X( )g Assume that the teorem is true for compactly
supported data. Then there exist global solutions ug to (17) with initial data fr,gr. We claim
urp — u as R — oo.

To justify the claim, fix ty € R and define

Ay, ={(t,2) : 0 <t <tp;|x| <to—t}

Then ugr, = ug, in Ay, if Ry, Ry > to since fr, = fr, and ggr, = ggr, in |z| < to. Note that
R = UAy, so that up must converge to u.

Thus WLOG assume the data = 0 if |[z] > R. Fix 0 < T, < oo, and take the local solution
u € C?*([0,T,] x R?). Then we need to show u € L{L12([0, T,] x R?). Take 0 < ¢ty < s < T,. Then
Strichartz estimates give

lwll La 2o,y xrsy < Cllu’ (to, ')||L2 + Ol 21 12 (1t0,5) xR?)

< C(E(u,0))? + C||ul*"|

T
,{, LFI LﬁLm
= C(E(u,0))7 + Cllull} 1 llul L5t T

ASIDE:
1 1 1

plsuppf) < ooip <, = = Iflle < [u(supph) 1 lss
Hwﬁgdﬁs«a—mﬁfﬁym@»uﬁwﬂqu)
< (T — to) T (T + R) 7 5 sup Ju(t, )| gos
[l 1122 < C(B(u,0))7 + Cr, g(T. —WZWWEb&mM@NmH
< OF2 + CoE7i (T, — ) 5" el
Let tg / T,. Then by Lemma 3.15 we have
[ull 122, < 2CE

Now let s A~ T,. Then we have 1
lull azr2 (o) < 2CE2

Local existence implies u € LYL'2([0,t0]). Thus, u € L*L'?([0,T.)). Since T, was arbitrary, this
implies that u is a global solution. O
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3.3.3 The Energy Critical Case

In the proof of global existence for the energy subcritical case it was crucial that k < 5. If Kk =5
then we would fail to get € as ty T, in the above proof.

Note that as before we may assume f(x) = 0 = g(x) if |z| > R. We consider the backward lightcone
with point 7" + ¢ and define the following

A(S;to,s) ={(t,x) : to <t <s;|x — x| < I+ T, —t}

={z:|v—xo| <6+T.—t} tEeElty,s]
ON =M ={(t,z) :tg <t < sz —x9| =6 + 1o —t}

1 1
E(u, D)) ;:/D S (t,2)] + <l do

Claim: E(u, Dy,) = E(u, Ds) + Flux(u, M)
To prove the claim, set

1 1
e(u) = <§|u'|2 + guﬁ, —8mVu> € R'*?

We calculate

div ze(u) = 0 < u')? + u ) Za (—0wudju)

3 3
— } : 5
= Ul + UjUje + U U — E UjUjp — E Ul
j=1 j=1 7j=1

= wfuy — Au+u’] =0

Thus we find

0 :/ dive(u)
A((S,to,s)
L, 2, 1 6 L g 1 6
= —|u'(s,2)|” + = (u(s,x))® de — —|u(to, 2)|” + = (u(to, )" do + e(u) -V do
D, 2 6 Dy 2 6

= E(u, Ds) — E(u, Dy,) + Flux

Note that
Fl L[ Y or+ L2 - 0l v d
ux = —= —|u(t,x —(u(t,x))” — u— u ax
V2 ng, 2 6 "
1 1|z 2 1
= — — | =0 — Vu| + =(u(t,r))’ dx
V2 e 2 [T ) 6(( )
> ()

Thus we have E(u, D) < E(u, Dy,) so that the map ¢t — E(u, D;) is non-increasing in [0, 7)] and
E(u,D;) > 0. It follows that E(u, D;) has a limit as ¢ty — T,. Sending ty — T, and s — T, then we
have Flux(u, M*) = 0 as t — T,.
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Proposition 3.17. Suppose

1 1
/ — (¢, 2)* + Zul(t, x) dr < €
lz—zo|<Tyx—to 2 6

Then if € > 0 small, u € L{L*(A(5,t9,T%)). If 6 > 0 small, T, — to is small.

Proof. The note on ¢ is automatic from the setup. If § > 0 is sufficientlly small then

1 1
/ St D) + cu(t0,2) do < 2e
|

z—x0|<Tx—to+d 2

Then Strichartz estimates give

Jull Lazrziay < Cllu/(to, )z + Cllu’ |22y

<C(2E)> +C (Sup \IU(E‘)\ILg() Il zyzacay
to, %
< CE)? + C(tE(u, Dig))* [ull 2310
1

< C(2E)? + e|lullza a2 a)

By Lemma 3.15 this gives )
HUHL4L12(A) S 26\1(2E1)5

if € small enough, as desired. [

If we could show . .
lim §|u/(t,a:)|2 + éuﬁ(t, z)dr =0

t/T. | p,
then we’ll be done.
Proposition 3.18.
1 1
lim ~u® dz =0 = lim —|u'(t,2)|* dz =0
t/ T |z—zo|<Ty—t 6 t/ T lx—z0|<Tix—to 2

Proof. The previous proof only used smallness from the L® portion. The hypothesis thus gives
u € LILI2(A(0,0,T,)). We note

Ou = —u® = Ou' = —5u*d

and recall
||f||L6(R3) ,S ||Vf||L2(R3).
Now we calculate

sup {[|u/(t, oo} < C Y 10°U (to, )22 + Cllut - w'l| 1 z2(aosto.5)

<t<
fo=t= lla<1

[to 75}

<C(ty) +C (SUP | (t, ')||L6(Dt)> || 2125 (A00,))

= C(to) + C||U||i4L12(A) sup ||u/(t, SLIZI0N

[t07s]
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Since u € L}L!? we have that T, —t << 1 = ||u||‘i4L12(A) < 1. thus we find

sup [|u/(¢, -)[| e < 2C(to)

to<t<s

We find )
[ (t, M L6a(pyy < (Vol(Dy))3 |4 ()| s(pyy = (T — )| (t, )| Lo,y — O
O]

We continue in our goal to prove the global existence for the energy critical case. Our next step is
to utlize the multiplier method developed by Morawetz. We note

(Ou + u®) (t0pu + 10,u + u) = 0
and we have .
LHS = div(tQ + (Ou)u, —tP) + §u6
where

1 1
Q= §|u'|2 + guﬁ +t 1Oz - Vyu

1 1 1
"= (§|0tu|2 — 5IVauf? = 5“6) T u A du e Vo)V

In the above setup shift (7%, x) to (0,0) so that we now consider ¢t ,* 0. We make the following
adjustments to the notation used above:

ANT,S)={(t,z) : T <t <s;lx| < —t}
Dy = {(-T,2) : |2 < -T}
Mz ={(t,x): T <t<S;|z| =T}
Integrating we find

1 1
——// uﬁd:vdt:/ 3Q+u8tudx—/ TQ~|—u8tud:v+—// tQ + udu + (P - x) do
3 JJa,s) 3 Dy V2 M5

As we let s 0 we find
S Q dxr—0

Ds

because the integral is bounded by energy (for the last Q piece: ¥ < 1 and for J,uV,u use ab <
+(a? 4+ b?)). Furthermore

owull2py) S sllulls ooyl Omul L2 p,y — 0.

/ u@tu S HUHLZ(DS)

s

So

1 1
——//u6 d:cdt:—/ TQ+u8tud:z:+—// tQ +udu+ (P-x) do=1+11
3 Dr V2 MY
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Note that it follows that I + 11 < 0.
Now we calculate

t t
V2IT = / —[|8tu|2 + | Vul?] + 6u6 + Qyuz - Vu
T

’ ‘2 2 2 |37‘21 6
0 V. - —
(190f? — V) —

(x Vu)(t tu + O+t 'z - V) +udu do
1
= / —|2||0u|* + 20u(x - Vu) — —(z - Vu)* — u (;—l : Vu) + udu do
MO

y |z]

2
_ _/ 2] (M _atu> o (m —atu> do
My 2] 2]

Parametrize MY by y — (—|y|,y) for |y| < |T|. Then do = /2 dy, and if we set v(y) = u(—|y|,y)

then
y-Vyu ( T
|| ||

u) (~low) = @)l ).

Therefore,

ly| Y|

2 X v
=—/ —Iy Vv+v|2dy+/ L AR
wi<ir) Yl wi<iz) 1Yl ]

. 2 .
n:—/ y- Vot Ve
I

To evaluate the last term we use polar coordinates, which gives vy - Vu/|y| = vd,v = 30, (v?). We
integrate by parts to find

/|ys|T|U |yl /52/|T 0,(%)? drdo(w)

1 |T|
= 5/ 2(|t|w)|T|? do(w / /v r drdo(w
1
—/ u da—/
2 Jop, ly|<T |?J|

|z]

Thus we have

u2 1
- da+—/ u? do.
t 2 Jon,

1
[]:—/ t
\/§M%
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We now consider I. For the integrand in the definition we have

%u6) + u(u+z - Vu)

|Oyu(u + x - Vu)| < % {(—T)(@tu)2 + _LT(u +r- Vu)Z}

%@“)2 1(|Z| \| V“)]

1

1
TQ + u@tu = T(§|UI’2 +

It follows that

_T 2
I<— u6—T/ [Vul? dx —|—T/—|Vu—|— 2u|2 dx
6 Jp, pr 2 ]

T T 2
:u u6d:13+T/ ui?-Vudx—F—/ u—zdx
6 Jp, Dr || 2 Jp, |z

T 1
:u u® da:——/ u? do
6 Jp, 2 Jony

where the last equality follows by computing the same integration by parts as from part II. Thus
we have

1 1
7| —u d.:l:§1+—/ u? do
6 2 Jop,

Dt
1
—II+= / u? do
2 Jop,
1
V2 Ju

— - Vu — du
\fﬂ!

2
do

|SC| t
2
da+/ Yo
M. M2 W

< || (Flux(u, M2)) + (/MT u d(;)é (/MT t—%)

Ay
< T |(Flux(u, MY)) + (Flux)s ( / 2 dt)
0

< |T)(Flux) + | T (Flux)s

<|T|

Wl

Finally we see
1
/ —uS do < Flux + (Flux)?
D, 6

and the RHS goes to 0 as ¢ — 0 so that the LHS does also, as desired.
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4 The Strauss Conjecture

Consider the nonlinear wave equation

Lu = uP 18
w0.) = 0u(0,) =g -

with (¢,2) € Ry x R™. A question we may ask is if f, g are small in the correct sense, how small
can p be and still recover global existence? The answer is that there is global existence for p > p,,
where p. > 1 solves

(n—1)p?—(n+1)p.—2=0

For n = 3 this gives p, = 1 4+ v/2. For n = 4 this gives p, = 2. We will discuss a proof by Hidano-
Metcalfe-Smith-Sogge-Zhou for n = 3,4. Weighted Strichartz estimates based on a localized energy
estimate are key to the proof.

4.1 Localized Energy Estimates (n > 3)

The localized energy estimate states that if Lu = 0, then
_1 _3
sup | B3|l 2 ooy qlol<y + 72 ||“||L%L5(R+x{|z|<R}>] S (0, )| 2
We note that by conservation of energy we have

[/ (¢, )| 2y = (140, )] L2 es)

so that we certainly cannot integrate over time and expect to have a finite quantity. However, if we
restrict to a compact spacial region, we are able to obtain decay that allows us to integrate over all
time.

Sketch of a proof due to Keel-Smith-Sogge We will do another rigorous proof, but here we
note the general idea of a proof for the case where n is odd. By scaling it suffices to take R = 1.
Let

8 — 1 k—1<|z|<k+2
"T0 |z ¢ [k— 2,k +3]

and let u; solve

Duk =0
Huygens’ principle (which relies on the fact that n is odd) then implies u = uy in [k, k+1] x {|z| < 1}.
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o0
1122 22 10,00y x o1 <13 = > e Wz 22 kerpcrat <oy
k=0
o0
= > il 72 22 ks 1 i<y
k=0

o
S Mkl e s ¢ oty
k=0

<SS T UVGHIZ: + 11Bgll22)
k=0
SIVEIZ: + llgll3

To see the last inequality notice (suppf; N suppp;) = 0 if [j — k| > 6 and
[Zk(ﬁkh)z]% < Zk Beh < 6h
Proof of weaker estimate using multiplier method The multiplier method involves multiply-
ing [u by a cleverly chosen function, taking advantage of the fact that Lu = 0, and integrating by
parts. To do the calculations, we first introduce some notation and a decomposition of the gradient
into a radial and angular component.
We use the notation .

r=|z| 8Tu:;-vzu

and decompose the gradient
x
Vu = —0,u+ Yu.
r

z;0;u T

We claim that this decomposition is orthogonal (i.e. £0,u- ¥u = 0). Since 20,u = “==2 it suffices
to show = - Wu = 0. We calculate

E-Y71¢L:§-<VU—£GTU>
r r r
zf-Vu—gﬁru
T r
= 0,u — O,u
=0

This orthogonal decomposition gives us the corollary
|Vul? = (0,u)* + | Vul>.

We will use this in our later calculations.

47



Now that we have this decomposition, let’s find A in spherical coordinates:
Au =YV -Vu
=V- (;3,@ + Wu)
- (v-f) 3ru+§-V8ru+V-Y7u

S s O + (far Vu+ Y- Wu)
T T

:n_l&u%—@%u%—%-W@ru+%[&,y]u+y-¥7u

r

To simplify the last expression, we find [¥,,, 0, ]|u
T -
WV, 0hu = (ak - 7&) (Z; aju>
J:
" X Tl
= O (Z2o.u) — Z£H?
; F ( r ]u> ot

- djk  T;Tp u x; Tk o9

j=1
1 x x

= = (90— =0u) + (9,00 =0, (S0,u))

= %Wku + 0, (W u)
Thus the commutator is given by

V] =¥,
and we have
n—1

Au = 0u + o+ L vou—2lyut v wu
T T rr
= DY (r" o) + ¥ - Vu

We are now ready to begin the multiplier method calculations. First we will multiply by f(r)0,u,
where f(r) is some function. We will determine the necessary properties of f once we’ve completed
the calculations.
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t
0://Duf7“8udmdt

/ / (07 u Do r" 1 ou+ ¥ - Yu) f(r)0,u dudt
= /(9tuf r)0u dx —/ /&uf(r)@taru dxdt—k/ot/aru&«(f(r)@u) dxdt

/ / Yu - V(f(r)du) dedt

_ / F(r)Oudh dmo— /0 / F(1)Oud, Oy dadt + /0 t / F(r) (Ou)? dadt + /0 t / F(1)0,0%u dadt

/Ot/f(r)yu-yaudmt
_ / oo, dr| / / £(r) (0, [~ (B)? + (partialw)® + (Vu)?]) dadt
+ [ [ oo+ L9 ds
/f \Oudyu de ——//[
o [ [ o e

Note that when integrating by parts with respect to r we used dx = " 'drdo.

)| [=(0w)® + |Vul?] dzdt
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We now use the multiplier % f(r)u:

oz/t/mu (" ! (r)u) dwdt

//azu—r (=D r" 0+ ¥ - W) f()8 dxdt

:”gl/atuf() ”_1//f (Byu1) da:dt+—//8u8( u) dadt
//7\vmw

:ngl/atu , t+"_1//f —(Dyu)? +\Vu\}dxdt+—//uau< fff)> dadt

:”gl/atuf() t ”_1//f u)? + |Vul?] dadt

_ ; ! /Ot/r_("_l)(‘?r (r"='o, (f(r)r)) u* dzdt

:ngl/atu@ud t “_1//f )2 + [Vul’]

Combining these calculations we find

Oz/t/lju<f(r)8ru glf( )u) dxdt

/f 8tu8udx f + = //f ()0u)? + (0,u)?) drdt

2
[Tt ﬁwme-4¢/A@;pwm

We now have an idea of what properties we would like our function f(r) to satisfy. This includes
guaranteeing the last three terms are positive. Our wishlist for f is:

- fecC?
- f bounded
- f'>0
AR50
A (fm) >0
We note that the fourth item on the list is satisfied if f > 0 and % — f" > 0. One such function is

f(r):rJrrR:
1) — R f(r) oy 1 1 R
f<r)_(7“—|—R)2 r _f(r>_1+R_r+R<T+R)>O

u dx

A (1) i v

—|— dx




fr)\ _ (n—=1)R+ (n—3)r
_A( )— T R) >0 (n>3)

Using this f we find:

-

t

Oyud,u dx

-1 1
_n / +Ru8tudx
// ((Ou)* + (0 )Q)ddt+/t/ L i |Yul? dedt
r+ Rz B N B TS T F) R
n—l (n—1)R —3)r ,
// 7“+R u® dxdt

t
>R / / [(Opu)® + (Oyu)? + | Wul?] dedt + R / / u? drdt
0 J|z|<R 0 Jlz|<R

e dx

[/ (2, )22 = 1w/ (0, )| 2

Now we need to show

S (0, )17

/f )Oyud,u dx

To do this we use the fact

and we find
[ 70100(0.90,u00.) i % 1000, ) 10000, )
< (0, )z
1
P00, )0,00, ) dr < 120, )10,

SEACUD] =

In the last step we use a Hardy inequality:

u
121 S IValle n >3

2 o
://TQurnldrdo
L2 0
° 1
= //0 u2n — 2@(7“”_2) drdo
2 —1,.n—-1
= — uo,ur=—r drdo
n—2

u
< |4, novllse
L2

proof of Hardy inequality:

I

Now everything is bounded by ||u/||, as desired.
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Thus we have shown
R |72 + R7P(ul|7 < Jlw/(0, )] 2

while the localized energy estimate states
R ||z + Rl 2 S (| (0, )| 2
for all R. Our estimate here just misses.

4.2 Weighted Strichartz Estimates

Trace theorem on S™ !

Theorem 4.1. Suppose % < s < 3. Then we have

1/2
suprz—* (/ lv(rw)| da) < vl gs
r>0 Sn—1

T :S[R") — S(R™)

Define the trace map:

by
Tu=f with f(2') := Tu(z1,2")] = u(0, ")

where ' = (zg,x3,...,2,).
Proposition 4.2. T extends uniquely to a continuous linear map:

T H(R™) = H2(R")  fors > 1/2

[[ tane e dvide = [ el de = gt0)

If f="Tu, then f(2') =u(0,2") and we calculate

Proof. Note:

fie) = [ sty ax
= c/e‘iz/'ﬁlu(o,x') dx’

= c/// e_”/f,e_m&u(xl,x') dx,dzr’'dé,

= C/ﬁ(f) d&,
Thus we have

o 5 ([la@re» ) ([ da) < ( [a@re> ) (@)
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Since for s > 1/2,

/<§>_28 dé = / ( ! dé =c ! = c(¢)TA1Y)

g+ lepy O e

In other words

9oy = [ IFEP a5 [ [ 1O desde’  Jul

Local Energy Estimate
We will use a consequence of the local energy estimate to show

s i _ 1 n
H|x’ SQZt‘DluHsz 5 H|D|s 1/2U||L§ 5 <5< §

Roughly, we showed in the local energy estimate that for

Uu =20
u<07 ) =/ 815“(07 ) =9

we have
|2 |2 SAVllz2 el ullpere S IVl

(19)

(note that we have not proved these estimates - our local energy decay estimates just miss these).

Heuristically, we then ”interpolate” to find

—S S— 1 3
|l p2r2 S ||| D] 1/2fHL2 §<8<§

This estimate will be used in our proof of (19).

Proof. [of (19)]

llal =Pl , = / / 7™ / ¢S li(€) dé
—c [[ il [ et lenate) g
— / / 2|~ / /0 T emrag(r — p)ipw) dpdw
= c/ooo/ || ~* /Sn1 e (Tw) dw

We claim that we have by duality

2

dxdt

2

2

dxdr

2
dxdr

S ARl sn-1)
L2(R")

|| ~* / h(w)e™™ do
Sn—1
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proof of claim: Recall the trace theorem

1/2
( [ 1o dw) < A E

_n
iz~ A E el wl e

<|$|_S/ h(w)e™™ do, w)rz = / |$\_S/ h(w)e?™ dow(z) d
Sn—1 Sn—1

:/ h(w)/ |z|~se=eww(s) do do
Sn—1

= (h, (|z]*w)(A)) 2
< 1Plz2 | (] w (A [ 22
Sl A2 2 )]~ w]| 22

Taking the sup over all w with [|w||z2 = 1 we obtain our desired result.
The claim and the result from the local energy estimate gives us

el ulops S [ [ 720 rmara)P dodr = [IgPa) d = 101l
0

4.2.1 Proof of Weighted Strichartz Estimate
We first find for % <5 <73

2 _sy it|D it| D
|H$‘2 e'lPl He | l(PHLtOOH;Z1

~ H@Zﬂg‘ |f|81¢(§) ||Lt°°L§
~ el 6(6) .z
~ [l

<
‘pHLtOOLgOLg ~

He1
Andforszzsl—%,0<ss<”7_1
—so—L it|D| ‘ < .
[ttty L S el
We then interpolate:
1 1—t ¢ 2
L e
qg oo 2 q
for (1 —1t)s; +tso
n_ _ _1_ ;
H|x|(2 s1)(1-t)+(—3 Sz)tezt\DISO‘ Lo < el g
11 1
SO,q22,5—6<8<%—a:>
n_ntl_g 4p| ’ < .
2
[let2= el S el

o4

]



Thus if

Lo =
{U(O, = f ow(0,-) =g
we have
o

S I/

LILIL2

fs T 119l s

4.3 Proof of the Strauss Conjecture

We are concerned with solutions to the equation

Lu =P
u(0,) =¢€f Owu(0,-) = €eg

with (t,2) € Ry x R® and f,g € C°. For 1 + V2 < p < 3, there exists a global solution w if € is
sufficiently small.

4.3.1 Background Tools
We have established the weighted Strichartz estimate, (v = 0 implies

S [[0(0, )]

LILIL2

n,n;rl,s

s

irs 1 10:0(0, )]

Hsfl

f01r2<q<ooand1——<s<——l

Nonhomogeneous Welghted Strlchartz Estimate
Here we state the Strichartz estimate for the nonhomogeneous case. Recall the trace theorem:

n_ 1 n
supr2 ¥||u(rw)| 2z < Irs —<s< =
r>0 v 2 2
Dual to this estimate we have
_n 1 n
||90||H*"/ SJ |||ZE| 2+’Y%0HL1L2 s<7<g3
oL 2 2
< 7ﬁ+173 ]. n
ol S el 5] s 5 <1-s5<2
Combining this with Duhamel we obtain for 2 < ¢ < o0, % — % <s<g—gand ; <1-s<7
,,Lﬂ, _nyq_
[l ]| S 0, e+ 1000, s + N5 Bl (20)
trHw

Sobolev embeddings on S?
Set Q;; = x;0; — x;0; with 1 < 4,7 <n and Q = {Q;;}.

For n = 3 we have

1F @)z S D 197 Fllracsz)

o] <2

%)



1F @)z S D 19% f(w)llz2s2)

|a|<1
Some Key Facts We state but do not calculate [[J, Q2] = 0. That is, [0 and © commute. Thus we
have

Uu =F N UQu = QF
u(0,-) = f 0(0,") =g Qu(0,-) =Qf QJu(0,-) =y
Taking care of numerology, which will be used to rewrite (20), we take

3 2 3 4
S =—— — - X == ——-——3S5 -
2 p—1 2 @=r

Thus —2 4+ 1 — s = —pa. Considering the requirements for (20) to hold, we find

1 1 1
5——<s:>p>1+\/§ S <l-s=p<3
p

With this numerology, we rewrite (20) to find

Izl ullrrrze S 110, )z + 1000, | gro-r + [l D] 11 22

4.3.2 Proof
We will use the notation Z = {V,Q} and ||Z=Ff|| = > lal<k | Zof].

Proof. Take u_; = 0 and define u; to solve

Ou; = f 1
u,(0,-) = €ef;  Ou;(0,-) =eg
Step 1 Boundedness.

We wish to show
2]~ Z=*uj|| porore < 2Che

We have
H|.T|_aZ§2UOHLpLPL2 S C (EHZSQf‘

Arguing inductively, we find
|||J,’| aZ<2UJj||LprL2 < Cl€—|— Cl||$‘ paZ<2 1HL1L1L2
25208 | S g [P 2520 ] A+ g [P 2\Z<1ug |
125265 lee, S Mluj-allfze 1252051l + s[5 1 25 w170 S 12525010,
Plugging in the above calculatlons gives
1217 Z=2u| o o2 < Cre+ Cll|2] ™ 252w || 12 PP £ 12
< Cre+ O[22 uj1 |y 1o 2
< Cie+ C(2C )epsilon)?
S 2016

je T €l Z%2gl 1) < Cre

where the 3rd line follows from the induction hypothesis and the 4th line follows for small
enough e.
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Step 2 Convergence.

We wish to show
1 _
[2*(wj — wj—1) || zrrrre < §H|l’| *(uj1 — wj2)||lLrrrre
Note that

O(u; — uj—1) = uj

D=y = O(luy — 1P + |uyoP ) (w1 — uj)

and we have vanishing data.

] (uj = i) lrrre < Clll2[P*O(fuy — 1P~ + Juj—o P~ |uj1 — wj—alll 10122
< C M|~ *uji T o pee + 2™ wj—a|[Topopoe ] 12| uj—1 — wj—o||| Loror2
< O [z 22wl e + Nl 252w a2 ] 2™ i1 — wjmo| || orore

< 20(2016);771’”%'%’%71 - Uj—2|HLprL2
1, -
< —|||$| a(“j—l - uj—2)||LPLPL2

where the last line follows if € is small enough.

5 Exterior Domains

Let k be a region such that 0 € k C {|z| < 1} with smooth boundary and assume « is star shaped

with respect to 0. The star shaped assumption is equivalent to - V| > 0. We consider the
oKk

equation

Uu=F

U’an =0
Much of what we have done before is no longer applicable after introducing the boundary. For
example, the Fourier Transform technique is a nightmare becuase of boundary values.

5.1 Local Energy Estimate
We have the energy bound

t
I8 Moy S IO Moy + [ [ 1Ol e
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Proof.

/ /Du@tu dxdt = / (0} — V - V)udyu dxdt
0

/
:/0 /%8,5((9{&) dxdt—/ / (Vuoyu) dxdt+/ /Vu Vo dxdt
/3

:/Ot =0, [(Opu)?) + |[Vul?] dmdt—/o /V-(Vu@tu) dxdt

t
+ / Vudyu dxdt
0 Jok
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We establish the local energy estimate as before.

/Ot/Duf(r)&u dmdt:/Ot/(afu_v,vu)f(r)aru .

= /f r)Osudyu dx t — /t/atuf(r)at(?ru dxdt — /Ot/V (Vuf(r)o.u) dxdt

/ / Vu-V(f ) dxdt

= /f(r)@tué?ru dx —/ /atuf(r)é?t&u dxdt—/ot/v-(Vuf(r)&u) dxdt
//Vu (— r)0ru + f(r )8Vu+my7u> dxdt

/ o dz| + / / F(r)0, [—(Ou)? + [Vul?] dadt
//f |y7 2 dudt — // (Vuf(r)ou) dedt
/ 7)0ud,u dx +/ /V ( —(Opu)® + |V }) dadt
/ / [ (O)? + [Val?] dadt
//f yw? ddt — / / (Vuf(r)ou) dedt
/ Poudyu d +/ /f 0 5up dar
__/ /{ 7“)} [—(B)? + |Vul?] dadt

+§/0 QKV f( )[ (Oyu)? +|Vu|} dcrdt+/0 l%v.vuf(r)@ru dodt

We note that V- 2 > 0 and Oyut|ar, = 0 so that the second to last term is nonnegative. Furthermore
x
V - Vuf(r)dula, = f(r )6?Vu—Vu]a,.C

= f(r ) V(9vu)?lox > 0
so that the last term is nonnegative. Thus we have
/ /f [(Ow)® + (Oyu)?] dxdt

/Ot/n\N Ouf(r)0yu dedt > /f( )Oud,u dx
/ /[ ; }WUIQ dadt
TR (@ - 19 as
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We now consider the multiplier 2517 (r)

VS

u:

t J—
u dx dt:/ /(af—v-V)u"Tl@u dudt
0

_ ”gl/atuffn” —/Ot/"T_lm(atu)2 dadt
_ngl/)t/v.(vumu)ddt_f_ //Vu V( u) dxdt
:”gl/atufgf) //”_1f Opu)? dadt
) v

—”_1/t VVuf()uddt+ // (
|V | dxdt
4+ ; ! /0 /@ [—(Owu)® + |Vul’] dxdt
n—1 [ F)N n G
Combining our results we obtain
+/t/1f’(r) [(0,u)?* + (Ou)?] dxdt
/ /[ ;f’ )} |Wu|? dedt

= n;l/@tuTudl’o
/Ot/Du (f(r)@ru—k ”51@1&) dedt > /f(r)@ruatu dx 0+ ”; 1 /@tufg“)u I
_n;l /A<@>u2dxdt

t
u dzx

u dx

Taking f(r) = we argue as before to obtain

r+2J

e 2z +sup 2792016 || 22 ximpmry + 2792 0l 22 gy xmpm) S ||Vf||L2+||g||L2+/ (s, -)ll2 ds
i= 0

5.2 Weighted Strichartz Estimate Revisited

Our goal is to obtain the weighted Stricharz estimate for exterior domains. That is we wish to

obtalntha,tf01r2<10<oo———<7<——l <1—7v< 3 we have

o[22 g S (0, ) g+ 1000, s + Ml ™2 Ol 12
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We note that combining this result with Duhamel gives that if Uu = F} 4+ F5, then

a2 s < (0, g 41000, )l rooa+ 2l Byl gz + / | Ea(s, )l oo ds
0

Proposition 5.1. If w is a solution to

Uw=F

w(0,-) =0 = Jw(0,-)

supp F C {|]z| < 10}
Then forp > 2,~v > —”T_S

|n/2—(n+1)

|2 2wl prrrz SNl g2y

Before proving the proposition, we state and prove the following lemma due to Smith and Sogge.

Lemma 5.2. Let f € C°(R") and 0 <~ < ”T’l Then

/ TUBC) () (¢, edot) B dt < N1

Note that eIPlf ~ u where u solves Ou = 0, u(0,-) = f, du(0,-) = g.
Proof. LHS:

[y | [ A = me i g
— [[a+iepr

< [[a=ieey [ [ 166~ ot dn} [ [ 18t = wlst ~ Dl @) dn| aar

2
dedt

2

dedr

/ B(& — n)d(r — nl) f () di

It is left as an exercise to show that for 0 < v < "T_l

sup(1-+ ¢ [ [ 16t =wist lal dn] < Cinr™, (14 72)]
We then obtain
LHS < / / / 1€ = I6(r — (DI F ()2 dn (min[r™t, (1 + 72)7]) dédr
< / / 5(r — )| F()Pr® drdy

- / F@) PP dn
— 112
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We are now ready to prove Prop 5.1

Proof. Writing down Duhamel’s formula and replacing ¢ by oo, the Christ-Kiselev lemma implies
that is suffices to show

|xpﬂ—m+ﬂm~a/m¥ﬂhﬁwwDrﬂﬁtﬂmsf)ds
0

SF 2 gy
LrLrL2

From the weighted strichartz estimate we have

LHS = |m|n/2—(n+1)/p—veitDI|D|—1/ e—“'D‘B(-)F(s, ) ds < ‘ / e—z‘lelﬁ(.)F(& \) ds
0 LrLPL2 0 -1
Thus it suffices to show
| eoior=tse0 - 0% (s, ds| S o
0 L2
and take H = (1 — A)WT_lF to get what we want. Duality implies that this is equivalent to
| =2y see P ipp=n| S Il |- 2)F 80| S I e

which is precisely the lemma if 1 — v < 254 (ie. v > —259). O
5.3 Global Existence for Small Data
Let 1 ++1/2 < p < 3 and consider the equation

Uu = uP

ulos =0 (21)

u(0,-) =€f; Owu(0,-) =¢€g
where (¢,z) [Ry X R*\ s, f,g € C°, and & satisfies the following:
1. 0 € k C{]z| < 1} with smooth boundary
2. K is star shaped wrt 0

Our goal is to show that if € is small enough, there exists a global solution w.

5.3.1 A Useful Consequence of Weighted Strichartz Estimates

We will establish a bound using the weighted Strichraz estimates on solutions to the linear nonho-
mogenous equation on an exterior domain:

Ou = F
u|a,.€ =0 (22)
u(0,-) = ef;  Owu(0,-) = eg
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Fix
0 onlx| <1

1 onlx| > 5

Note that if we consider [JSu it is now boundaryless since our function does not see the boundary
of k. Thus our work on R? is applicable. We again use the notation Z = {9,,Q;; = 2;0; — x;0;}.
Commuting O with 3252 we have

OpZ%*u = BZ=*F + (O, ] Z%%u
= BZ=EF — 2V 3 -V Z=%u — (AB) Z=u
= BPZ2F + (B — BP)Z2F — 2V B - VZ=%u — (AB)Z=%u
By the weighted Strichartz estimates,
x|~ BZ=2ullprrrre S €+ ||| P*BPZ=2F || pipape + (B = 8P)2=2F = 2V 3 - Vz2=2u — (AB) Z5%u|| p2pgr
Se+ |2 BPZ=2F | s + 1052 F | 2 r2(1<a<s) + 1052 (0, 0u) || 122 (1<as)

Note that for initial data u(0,-) = f and 9;(0, -) = g, the definition of O gives us for the inhomoge-
neous equation

(0, ) = Au(0,-) + F(0,-) = Af + F(0,")
This tells us we need compatibility conditions. For example:

0= 8t2u(07 ')|8n - A.ﬂﬁm + F(O, ')|8f$
0= a?u(oa ')’8/{ = A@tu(O, ')‘8& + atF<Oa ')‘6/{ = Ag‘an + atF<Oa ')‘6/{

We wish to obtain bounds on the L2L? norm of u and it’s gradient in the RHS of the above esti-
mate. We will also establish bounds on the L>L? norm of up to two derivatives of the gradient of w.

Recall the local energy estimate
_1 _3
HU’HLgOLg + Slll%p R™2 HUI|\L§Lg([o,oo)x{\x|§R}) + R™2 HuHLfLi(]R+><{\x|<R})] S (0, )| 22 + HFHL}Lg
To find the desired bounds, we want to introduce 9=?. However, 0, does not preserve the Dirichlet
boundary condition, so we do not have that d,u solves our equation. However d, does preserve the
boundary conditions. We replace u by 9=%u in (22) to obtain

_1 _3
1052 || g 12 + sup R™2107%u || 212 0,00y ¢ 1al<ry) T B2 N0l 202 s wqjoi<ry) | S €+ 1077 Flliire

This provides partial results toward our goal, but we still need to handle terms with spatial deriva-
tives.

We use elliptic regularity for the spatial derivatives. For R? we have

3 3 3
Z ||8$i8mju||%g(R3) = Z /(@iaxju)((?miaxju) dr = Z /Eﬁiu@iu dx

3,j=1 1,7=1 1,7=1

63



and
108, 00,ull 2 & [|&&50ll 2 S (€170 L2 = || Aul| 2

Thus we see the L? norm of the sum of second order spatial derivatives is approximately the L2
norm of the spacial Laplacian of u. It follows that

1052 ull 2 @svey S AU L2@sve) + 1105 ul| L2 @ovn)
We now turn our attention to ||0u'|| =2, which we write
100 || L2 = 110t (| oo 22 + 107 *ul Lo 2

The first term is handled by the local energy estimate above. For the second term we use elliptic
regularity as above:

107 %ull Loz S |AU|| ooz 4 (|0 1] poo 2
S10Fulllpeer2 + || F|l| ooz + |0ul]] oo 12
S e+ 105 Fllpige + || F)l| oo

In a similar fashion we handle ||0=%u/||| =2 by separating the spatial and time derivatives. We
only have left to bound the piece with 3 spatial derivates:

1020,u|| oo 2 < ||AOpu||| oo 2 + lower order terms
SN0 Opulll ooz + O F || oo

Since we have already obtained a bound on the first term on the RHS, and we allow the second
term to appear in our estimate, we are done.

Combining the above results gives for a solution u of (22)

|| BZ=2ul| o ror2+]| 02U ||| oo 12 + |0%2ul|| 1212

S et o™ BZ=%ul g prre + |05 F || ppe + 101 Fll oo 2 + |05 F| 22

For the sake of simplicity, we note that the last two terms are easier to handle than the third term,
so we simply drop them. We will use this estimate in our sketch of the proof of global existance of
solutions to (21).

5.3.2 Proof of Global Existence

We now return to (21).
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Proof. of global existence. Define u_; = 0 and u; solves (21) with Ou; = u}_;. For the sake of
brevity we will only prove

2= BZ=2u; | orore + 10520u; | oo r2 + |0%2u| 212 (J2] < 5) < 2Che
By the above estimate, our goal reduces to showing
|||:E|_paﬁpZ§2u§71||L1L1L2 + ||8<2 P 1||L1L2 < 2016
Since |Z=2uP| < ulP7HZ=2u] + |ulP~2| Z< ul?, we have
7728 2=yl S el Byl T oo ]~ B2yl e
+ ™ Bujoa Lo o )™ Byl opos |~ BZ= ull o 1o 1o

H |"L‘| aﬂZ<2u||LprL2

— (LHS)”

where the second line follows from Sobolev inequalities on S?.
It remains to show [|[0=*uf_,[| 1.2 < Cre. We have

\8<2 p 1| _ (]uj,1|p*1\8§2uj,1] + ]uj71]p72|8§1“j71\2)
Case 1: ||8<2 i eir2ei<s)
We first state the following proposition:
O<p<g<r<oo=ILPNL CL?

and we have

£z < NFIZ A

1A, 1-)
where = = 2 + =2,
il + =

We will also use the following estimate:
1Fllzoeal<s) S 1051 fllza (x1<6)
<1015 R3)|!3<1f||L12/(p .
< 0= a \|3§2f\|251
Now we evaluate the desired bounds

1
W21 02w || g2y <s) S Jluje 117260-1) Lo ray <) 10=%w; 1| 212 (x| <5)
S 105w -1 | 220 <6) 0= O |22, 10251 || 22 (a)<5)
~Y (LHSJ_l)

=3 (0% w1 )?

|pi2gai<s) S Nujoilmpe 105 451 1 22 paai<s)
< H8<1u3 1HLDOL6H0<2UJ 1HL2L2 (|lz|<6)
< H8<13 ||LooLz||a<2Ua 1”L2L2 (|z|<6)
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Case 2: [|0=*u}_ || 11L2(2|25)

We begin with a lemma:
Lemma 5.3. Weighted Sobolev Estimates Let f € R and R > 3. Then forn =3

(1) For2 <p < q< oo we have
|B

(2) For2 <p<q<4 we have

11,00 (|z|>R+1) N H””B_

T w(ll“ZR)

77 ull zazs (alzren) S N7 iitazs ull e (o> R)

Proof. Sobolev embeddings on R x S? give

42 1/2
[Vl Leo Los (1511 % 52) (/ /IZ§2v\2 dwdr)
J

1770l e res (Ggaies?y S NP Z52ul| 1202 ajegi-1,5420)

This implies

We use this in calculating

. 2
ol oz (2| € [, + 1) S |77 50l Lo atepirn
2_
SN 220 e afegio g
S P T 220 e e )
where the last line follows using Holder’s inequality. O
We now return to our calculation.
p—19<2, = - —a(] _ <2
wi 0% uj ez es) S lr? uy—1||LpoﬁPIgz 1>L30(T25)||7‘ (1= B3)0~uj1lLorrr
_ 1 _
5 HT aZSQUj*IHIZPLpLZ’(r};)HT a(l - ﬂ)ZSQuj*lHLPLPL2
S (LHSj)”
—242)

2_2

=205 1) r2r2ess) S 7 (@ g1 o pagagrs)

< Hrfaz<2

Uj—1 ||LpLooLoo(r>5 [

Uj—1 ||LprL2 (r>4) ”Tiazguj—l || %prL2 (r>4)

S (LHS;)

Now that we have established boundedness, showing the sequence is Cauchy follows as before. [
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6 The Wave Equation on the Schwarzschild Spacetime

6.1 Introduction

The Schwarzschild spacetime arises in General Relativity and models a solution to Einstein’s vacuum
equations in the presence of a stationary black hole. The metric is given by

—1
ds* = — <1 - g) dt* + (1 — %) dr? + r*do?

where 7 > 2M. We can write this in matrix form as

— (12 0 0 0
_ 0 (1-207" o ¢
(9s) = 0 0 20
0 0 0 7r2sin’6

For the inverse of this matrix we write (¢*°) = (gas)~!. The wave equation on this geometric

background is given by

Ogu = |g| 7204 (9°°|9]"*5u)

-1
- (1 — g) Otu+ 1720, { (1 - g) r28ru} +¥ - Yu

As an aside we note that » = 2M is a null hypersurface, so we are not in the same setting as the
exterior obstacle problem.
As before we have a conserved energy quantity. If Ll ,u = 0, the energy is given by

1 2M

Elu](t) = 3 />2M {(1 — T)_l(@u)Q +(1-— %)(&nu)Q + |Wu|2} r? drdw

To see this is a conserved quantity, we calculate

t
0 :/ / Dguﬁtur2 drdwdt
r>2M

/ / < (1—"=)"10%u +r 20, { (1 — ﬂ) TQaru} +V- Wu) Ovur? drdwdt
r

/ / {——@ (1 - %) H(Opu)?] - _at[(1 - ¥>(&u)2] - %at|y7u|2} r2 drdwdt

The desired result then follows using the fundamental theorem of calculus.

6.2 Trapping

A new phenomenon that occurs in the Schwarzschild spacetime is that of trapping. Trapping occurs
when a null geodesic remains within a compact set for all time. In the case of Schwarzschild, this
occurs at r = 3M, which is referred to as the photon sphere.
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We define affine parameters for geodesics:

1 2M
5 —(1 — 7)717'2 -+ (1 —

2M
Z ) 4?07 4 r 2 sin 2 0P3
,

satisfying
2M 2M
—(1-=—")"'r 7=0 P=(-—=)¢ £=0

,
d=r"2sin"200> O =0 0=r"20 ©=r"2sin">0cosb
We have the conserved quantities

2M . .
1—-—)t=F r?sin? ¢ = L
r

WLOG take ¢ = 7. Since we are concerned with null geodesics, we have ds = 0. This implies

2M 2M . .
0=—(1—-"=)2+ (1 - =) +r%0* + r’sin® §¢*
r r
2M 2M 1
= —(1—- ="\ 1g? 1 — 1.2, ~ 12
R B
2M
it =E*— (1 - =) 2L*=V(r)
r

In general, there are 3 possible cases

(1) V hs no real roots = r monotone = no trapping
(2) V has 2 real roots = no trapping

(3) V has a repeated real root. I

n our equation we have V'(rg) = 0 = ro = 3M. Thus we find trapping at the photon sphere,
r=3M.

6.3 Local Energy
We next use the now familiar multiplier method to obtain local energy estimates.
/D u(l — %)f(r)&«ur? drdo(w)dt
r

= / [(1 2M) Yo2u — r=20,(1 — %) 20u—Y - Wu} (1-— g)f(r)@ur2 drdodt

2M

2M
/Otuf YO, ur? drdw / £(r)0, (dyu)?r? drdwdt + /(1 - T)&«u& [(1 - T)f(r)aru r? drdodt

n / Vu-(1— 7) f(T)WE)TUT drdodt

2M

/f )Opud,ur? drdw - /f - (Opu)? drdwdt—l—/f/(r)(l— )2 (0pu)r? drdwdt
r

/ f(r [ (1-— —)a u] 2 drdwdt —l—/ (1— %) ()0, | W ul*r? drdwdt
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We pause our calculations to note that the Lagrangian, which we wish to introduce in the equation,

is given by
2M 2M
—(1 = =) (0u)* + (1 - 7)(@«”)2 + ¥ =

r
Continuing the calculations above:

/D u(l — %)f( VOrur? drdo(w)dt

2M 2M

/f )Opudur? drdw / —f(r [ (Opu)* (1—7) (Opu)? (1—)]Wu]2}r drdwdt

2M
r

/ f(r [ 1—)] | Wu)?r? drdwdt+/ [f( )(1—%) (@) + (1 — )f( )W ]2]7“ drdudt

=y 20,211 - 20 [~ - 2 0ag? + (1 202 + 9] drawa
0

— / f(r)Osudpur® drdw .
/ [f’(r)(l — %)2(&&)2 +(1— Sfd\/l)f(r) |V u |2} r* drdwdt

Next we use another multiplier and find

- / O,u [;(1 - %)r?a(ﬁ f(r))] w? drdwsdt

t

_ / % [(1 - g)ﬂa(r? f(r))} (O drits| + % / [(1 _ g)ﬂar(r? f(r))} (L)r? drdwdt

_i/r—Qar [(1 _ %) 9, ((1 My 25 (r Zf(r))ﬂ W22 drdudt

r

We define

r r

1 =—yro [0 - 2o, (0 - 2o )|

Combining the above calculations, we obtain

- /Dgu {(1 - g)f(r)&u + %(1 - anw)r_Q&w(?Jf(r))u} r? drdwdt

t t
= /f(r)@tu&nur2 drdw| + / [ 21 - %) T(r2f)] udyur? drdw —I-/f'(r)(l - %)2(&&)27“2 drdwdt
0 r 0 r

/f M ) Wul|*r? drdwdt + /E(f)u27"2 drdwdt

As before, we have a ”wish list” for f:

<0 r<3M

FeC® fbdd -f <= - f >0 -f:{ U(f) >0

S |

>0 r>3M

Unfortunately, it turns out that the 4th and last conditions are incompatible. To begin, let’s take

F(r) = r2 (<7~ 3M)(r + 2M) + 6M2 log(2 _MQM ))
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Using, e.g. Mathematica, we find

T—2M> > 1
~or(r—2M)

M
f,(T) = m |:7"2 + 16Mr — 24M2 — 12(7” — 2M) log(

and M(7r* — 44Mr + 72M?) 1
re — T+
Uf) = R 3

216 r4

We need to smooth out the log blow up. We set

_ 1 ex+1
(Z(ZE) — € (ex+1)—1

X T >

A= o=

Then a € C*(R\ {—1}) with a jump in the 2nd derivative at —2.
We replace our first function f with

F(r) = 2 ((r — 3M)(r + 2M) + 6M?a (log(2 _MQM )))

and set r_1 to solve log(—5;—) = —
Let’s revisit — [ Ogu [5(1 — 25720, (r2 f(r))] ur? drdwdt. There is an alternate expression given
by

—/Dgu B(l - g)r@r(ﬁf(r))] ur® drdwdt
= /l (1720, (r* f(r))] (Opu)ur® drdw t + %/ {(1 — %)r_zﬁr(rgf(r))} (L)r? drdwdt

2 0 T

N /% [(1 _ g)@ (7“_2(1 - %)&n(ﬂf(r)))} wdur? drdwdt

We denote the 3rd term in this expression by ® and note

® = 1/(1 _ 2M)2[f”(7il) _ f”(?“irl)]u%zé dwdt + /g(f)u2r2 drdeds

4 r_1 € €
€

We calculate 611 - .
Mip— N _ (et ) — me - 2
070 = 1070 = (2 )77

€

—20€
"= ————— =d"|_1 =20 >0
¢ d — 1+ dex)? ¢ ’_% ‘

For 2M < r <r_1 we have that a(z) < 0 for z < —% so f < 0 here as we wished. And we have

M(r+12M) M r—oM\  6M? 1 r—2oM 1
/ _ _ o ! >
fir) = 12z (log( M )> oo 8 ) R
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since a/(x) = m.
Next we consider ¢(f) and find on [2M,r_1]

U(F) = Ur2(r — 3M)(r + 2M)) + ¢ <6‘;‘fza (log(r _MQM)))
_ M7 = 26Mr +18M?)  OMP(r—3M) <10g(r - QM)) L, (log(r - 2M)>

216 76 2 rd

svM2101 0, r—2M
— — |
2 iy — 2Ma og( M )

The 4th term is the most problematic. To deal with this, we integrate against u?r? and find

I S | r—2M
- EGMZ— ///1 22d
P o (e e

1,1 r—2M\] ,
:Z/2M 6MT—2[8TCL” <log( i ))]u dr

Next we calculate
1 r—2M
2
2.6M /72@// (log( i )) 2ud,u dr

17 r— 2 1/2 1/
§2,6M2[< L1 (o (og(5M))’ dr) (/7}2&, <10g(r—]\jM)> L -2 2,0 dr) 2}

rdr — oM a’ (log(r_]éM)) r—2M T

111 r—2M 1 4 (711 r—2M 1 oM
<6M2 |2 <Ly 2,2 4 7/57,1 1- 220209 )22 4
=6 [Q/QM ra? <°g( M )>r—2MUT rt3 ), ¢\t ) ) eyt - ) @) dr

And

131 1 r—2M 1
Y- M2_ n 1 22d
68/6 ! (Og( M ))r—zM“ :

131, , 1 1, 131, , (1 r=2M\ 5,
S EZGM rzla"(—g)u (7‘_%)‘1‘?56]\4 /?"_5a” (log( M ) u'r® dr

€

131, [ 1 r—2M 1 OM - gy
+ —-6M /T—2a’ <log( )) 1— )2 (0pu)*r® dr

6 3
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We note that 13 1 = }1 + % and find

/K(f)uer dr
M 2 2y, 2 2 9M? r—2M 2.2
> /M(W —26Mr + 18M*)u“r* dr — ; (r —3M)ad ( log( ) ) wrs dr

1 —2M 1 1 —2M 1
+M2/r5a” <10g(74]w)) r d7’—|—48/6M2T4a”’ <log(r i )) T_2Mu27"2 dr

13 1 1 13 1 r—2M 1 2M
M2 P B - /M2 (1 1— 2(9,u) %2
L/246 =N ( e>“(”{)dr 13 ) M e \loel— ) ) s (U = =) (@)

€

The 1st and 4th terms go to 0 as € — 0. The 2nd and 3rd terms are nonnegative. The 6th term is
a fraction of another term from earlier. Thus it is only the 5th term that presents a problem.
Let’s pause for a quick recap. We now have the following expression:

- / Ogu {(1 - g)f(r)aru + %(1 - 2fﬂw)r_287«(r2f(r))u} r? drdwdt
= /f(r)@tu&nur2 drdw

f 3M

t t
+ / [T_ZOT(T2f)] wdpur? drdw| +
0

/f'(r)(l — %)2(&&)272 drdwdt

\Wﬁﬂmmm+/ﬂnﬁﬂmmﬁ

5 / (- 2M P11y — S e,y dodt

We have that the 6th term is nonnegative. For the 6th term it is left to deal with

7 2 1 // 17 2
— M (o )/u(t,riw) dtdu

€

Set ¢?(r) := [u?(t,rw) dtdw and fix § such that

5= 1 r<r_y
0 r>rg=3M

Then we have

3M 3M
o(r) = / 0.80) ds=— [ Bo+ P06 ds

r
B1/2

Writing 8 = 2M)1/2 - BY2(s — 2M)Y/? we find

3M B 3M
¢2(7’)§/ 18162 ds — log(" A;M>/ (s — 2M)B(5,6)? ds

Thus . | o
ng(T‘_%) SJ/T ) |3'|¢* ds + Z/ (r — 2M)B(0,¢)* dr

r_1
Te

T €
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and we have u
€’(r 1) < / [( - 2—)2 £(r)(0,0)* —|—€(7")¢2] 2 dr
‘ [ri%,?)]w]

r

Since a”(—1)( )2 = c6 - ee?/<..., if we choose § << e™%/¢ we get

r 1—2M
€

—2—746M2/ 21 a’ (—1) uw(t,r_1w) dtdw > —%/ {f’(r)(l — g)%@ru)2 +€(7’)u21 r? drdwdt
r?, € .

€

We note that on [2M,r_1],

M(r+2M) 12M? r—2M 62 r—2M 1 6N r—2M 1
/ — o / > /
/ r3 73 “ <log( M )) * 72 @’ { losg( M ) r—2M — 12 o’ { log( ) r—

Combining our results we find

- /Dgu {(1 - g)f(r)&«u + %(1 - anw)r_QaT(er(r))u} r? drdwdt
t ¢ _2M _ 3M\2
> /f(r)atu&«urz drdw ) + / (7720, (r* )] uOpur® drdw ) +/ ey <_ 10g(;—2M))2(8ru)2 4 (1 rr ) IV

7 Quasilinear Wave Equations

In this section we will consider the quasilinear wave equation given by

g (u, U )0, 0pu = F(u,u')
U(O, ) = Ef; 8tu(07 ) = €g

with (t,z) € R x R" and where f,g € C°, ¢*(0)0,03 = O, and F(0) = dF(0) = 0 (i.e. F(u') =
O([u']?).

We begin with a heuristic discussion of what we may expect to happen in different dimensions. For
these purposes we restrict to the case ¢*?9,03 = O and F is quadratic. Then from local energy we
have

ot e S e [ (s, e ds

and Ou can be written as the sum of the product of (at most) two components of the gradient of
u. The key to long time estimates is the integrability of ||0yu0sul|r2. This ultimately depends on

the integrability of (1 +¢)~"2 . We have

<00 n>
/(1+t)nzlz logt n=3
00 n <2
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Thus we anticipate global existence for n > 4, almost global existence for n = 3, and difficulties in
obtaining existence for n < 2. We will show that we do in fact have global existence for n > 4 and
almost global existence for n = 3. In the n = 3 case we show there exists a solution on [0, 7}) for
T, = exp(c/e). Since T, increases exponentially to infinity as € — 0 we say the existence is almost
global. We will not prove local existence for n = 2 and n = 1, but results as in the n = 3 case hold
for T, = (5)2 forn =2 and T, = € for n = 1.

7.1 Local Existence

We consider the equation

(23)

9*%(u, U )0a0pu = F(u, )
u(0,-) = up;  Gu(0,-) = uy

with g, F € C* and all their derivatives are O(1), F(0,0) = 0, and |¢g*® — m*?| < 1 where m*” are
the coefficients of the wave equation on the Minkowski metric (i.e. the flat wave equation).

Theorem 7.1. If s > n+2 and (ug,u1) € H*™ x H*, then there exists a T > 0 such that (22) has
a unique solution such that

> lloult, e <00 0<t<T.

|or| <s+1
Moreover, if T, is the supremum of all such T, then either T, = oo or
> [0%u(t,x)| ¢ L35(0,T2) x R™)
laj< 3
Before proving the local existence theorem, we state and prove the following preliminary proposition.

Proposition 7.2. Suppose u € C*([0,T] x R") vanishes for |x| large and
9°?(t,2)040pu = F

raﬁ<t7$) = gaﬁ(t>$) - ma,B
Then if 3.4 [r*f) < 3 for 0 <t <T then

/(2 )2 <2 (IIU’(O, )l +/0 (s, )]l 2 dS) exp (/0 2> 110297 (s, )|~ dS)

a,Byy

Proof. We will use the Einstein notation so that the recurrence of parameter indicates summing
over all possible values. We will also use the convention that (¢, z) = (xg, 1, ..., 2,), Greek symbols
range from 0 to n, and Roman symbols range from 1 to n.

We will leave out details but note they can be obtained by taking O, = ¢*?9,05, considering
J Ogudyu, and integrating by parts. We begin with

eo(u) = 2¢°*0gud,u — g*?04udsu
= [u/|* + 2r°*Opudu — ro‘ﬁaauagu
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Define E(t f eo(u ) dz. Then
O E(t) = /28tuDgu dx + /2 (80900‘) Orud,u — ((%gaﬁ) Oaulpu + 2 (3kgjk) Orudju dx
We define R to be the integrand of the second term above and note that
SI? < eofu) < 20uP

Thus we have
IR < 2/ " 10,9°%| < deo(u) > (0,97
It follows that

OE(t) < 2(10uull 2| Fllze +4 ) 10,97 |1 E(1)
SABYP)|[Fll2 +4) 110,9°7 | B(2)
And therefore
QL) <2(F |2 +2) 10,91

Thus

o (B 0e (<2 [ Lol as) ) <20l (<2 [ 3 10l s

< 2B ()l

Ginally this gives

t
EY2(t) < exp< / Z 10,9%%(5+)|| oo ds) (Hu/(o, | 22 —|—/ | F'(s, cdot)|| Le2 d3>
0

We are now ready to prove Theorem 7.1

Proof. of 7.1 Define u_; = 0 and let u,, solve
gaﬁ(um—l’ u;n—l)aaaﬁum = F(um—lv u;n—l)
um(oa ) = fa atum<0a ) =g

where f,g € S.
As usual we first establish boundedness, then show the sequence is Cauchy.

Step 1: Boundedness
Let A be such that Ay(t) < A and define

A= (10%um(t )2z + 107, (¢, )l 2)

|a<s
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We want to show that A,,(t) < A < oo for all t € [0,T].
The Sobolev inequalities imply

P um(t S D 10Ut )22
laf+[8]< [ 2L |
We have

2
Og\a|§s+1—tn+

| = 10%um(t, )| < Aml(t)

And energy implies Ag(t) < 4. Assume A,,_1(t) < Afor all t € [0,T]
We note that

9% (U1, 1y, 1)00050" Uy, = O"F Iy, ) — [0", ¢°° (win—1, Uy _1)] DuOptim,
For |u| < s we have

s—1

@ Flo, ) S [1+ Y 10Vl > 10"l

VI<152) eSS

0", 9% (0, )] 0uBsw] S [ 14+ D o= | % 9w

lof <[22 || <s+1
s—1
LD DN 2T N E T N (0] N I W
|l ‘SLS+3J [ul<L 5+3J |u|<s+1

Thus we have

10" F 9, 1) 22 + [ [0, 9°7 (w1, w4 _1)] OaDstim |12

if |24+ [#22] < s+ 1, which is true if and only if s > n + 2.

Next we calculate

t
[u(t, ez < [u(0, )]l +/O 1Oru(T, )2 dr

< (0, )22 + ¢ sup |u'(7, )| 2
0<7<t

This along with energy gives
10%wm (t, )22 + 102, (L, ) [ 2
t t
= (Ha““m(o» Wz + 10" 0pum (0, )| 22 + OA/ (Am(7) +1) dT) P (/ 2> 107"l ds)
0 0
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In other words,

A (t) < CetAt (Am(o) +Cy /Ot A (1) +1 dr)

Gronwall’s inequality tells us

A (t) < Ce“YM(A + Cyt) exp(CC 174
Then if ¢ is small enough we get A,, < CA, as desired.

Step 2: Cauchy
We will show

Cm(t) = llum(t, ) — wm—1(t, ez + llug, (t, ) — wg 1 (8, )22 = O27™)
Note that

P (U1, 1) 000 (m — Umn—1)
= F(um—bu;n—l) — F(tma, ) — (9 (Win—1,tp_y) — 9 (Um—2,1lp,_) ) DaOptiym—1
= OA(|ttm—1 = tm—2| + |u, _y — up, o|)(1 +[0%tm-1)

9

Energy gives us
t
en(t) < C / (14 (1021 ]lo0) Cm1(7) dr
0

¢
< C/ Cm—1(T) dT
0

t)g(]//.../ co(my) dry - drp,
0<m << <t

[terating we find

cmem
< sup co(t)
m! 0<t<T
<L 97m

where the last inequality holds for sufficiently small T

For uniqueness, a similar argument gives

S (10 (u M= < C / S 10w — @), e dr

lul<1 lul<1

D Mo —a)(t, )l =0

lul<1

And Gronwall’s implies
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so that u = u.
Finally we consider the continuation condition. Suppose T, < oo and

ST ot ult, |z < o

|| <s+1

foral 0<¢t<T <T,. If

sup Z |0%u(t, z)] < A< o0
(ta) [O.T)xR" | | g

then it suffices to show
sup Haau(t,-)HLQ <oo

< *
0SE<Ts | <st1

For if so, u € L>([0,T.] x H**1) n C%([0,T.],S*) and thus u(T,,-) and du(T,),-) can be intial
values to rerun the local existence argument.
Argue as above...

Ay= Y lo%u(t, )l

|o]<s+1
Then .
A(t) < Cr, 4 (A(O) + CA/ A(T)+1 dT)
0
and Gronwall’s inequality finishes the argument. ]

7.2 Long Time Existence

We now turn our attention to the question of long time existence. We are concerned with the
equation

(go‘ﬁ(u’)aa@gu = F(u)

w(0,-) =ef;  u(0,-) = eg

f9€Cg (24)
F g c C>

\9“5(0)8(185 =0; F(0)=dF(0)=0 (i.e.F(u) = O(]]?))

for (t,z) € Ry x R™

In order to prove long time existence, we will first need to introduce some vector field methods due
to Klainerman.

7.2.1 An Introduction to Vector Field Methods

We have the invariant vector fields
Oy, 0<a<n

Qij:xiﬁj—xjai ].§Z<j§’n,
S:t8t+7“8,
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on = t3] + xj@t

and we denote the set of these vector fields by I’
A key piece of the puzzle is the fact that

0,0 = (0,0 =0 [0,5] =20

The commutator [, S] gives us that if Ou = 0 then O(Su) = 0.
Another important piece is the commutator relations between the invariant vector fields.

an F Z Cz]krk Fka Z akaﬁaﬁ
r=rj= 3 oy

[ul<M

We also have

The following is an important estimate in our calculations

Theorem 7.3 (Klainerman-Sobolev). If u € C*°(R'™™) vanishes for large |x| with t > 0, then
(Lt +]e)*7 (1+ |t = el fult 2)] S [T (e, |2

We give only partial results of this inequality. First we establish the following lemma

Lemma 7.4. In RI™"\ {0},
(t —7)0. = ap(t,x)S + Z a;(t, )
i=1

where the a; are smooth, homogeneous of degree 0, and

0% (t, z)| < Colt + |x|)~1 Va, |z| > ot
And

(t =) Y [Owult, @) < |Sult, )+ D [Qpult,z))
i=0n 0<j<k<n

Proof. We state the identity:

(t—r)o, = t—i—r(z —Qoi — )

which gives part 1.
For part 2, we claim

(t2— |x\2)8j = —ejij—i—eijiQij ] :O,...,n

=0
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If 7 =0, then
inQiO = Z xf@t + txﬁl = 7“2@ - t20t + t(t@t + 7’&) = (7“2 — t2)8t + S
1 1
Ifj=1,...,n, then

leQU = t28j + txjﬁt + Z(mlx]& — xfaj) = (t2 + ]1:\2)83 + .Tjs
1

=1

Note that if we fix § > 0, then Sobolev inequalities give
f@P < Cos [ |(0555) (2 w)
ly|<&

‘ 2

dy
And on R x S" 71,
o(r, ) < Crs / / 09020(r + q,m)? dgdo(n)
lgl<é

J+|a|<L”+2J

Proof. of partial Klainerman-Sobolev inequality

WLOG t + |z| > 1
Case 1: || ¢ [L, %]

272
This is the better case because we are away from the light cone.

(¢ + J2])"ult, )] S (¢ + )™ /|< |05 (ult, = + (t + |2))y))|* dy

| ‘<n+2

< 3 / o [ DRIt o)y

| ‘<n+2 y|<

5|

r=Hu(, )|

L2

Case 2: |z| € [£, 3] We write

v(t,q,w) = u(t, t + qw) = u(t,rw)
Then
"t 2)? = " Ho(t, g, w) 2
oty / / 2205 (v(t, g + g — p,n))* dpdn
Ipl<s Jnesn—2

JHlal<2E2

<ot Z // ((t—7)0, )jfo‘u(t,rn)|2 dndr

t i
]+|a\<”+2 [5%]

< HF Ln+2J (tv)

L2

We will use the facts discussed here to prove global existence for n > 4 in the next section.
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7.2.2 (Global Existence for n > 4

We will prove the following theorem:

Theorem 7.5. Ifn >4, f,g € C° and € > 0 is sufficiently small, then there exists a global solution
to (23).

Proof. By the proof of the local existence theorem, there exists 7' > 0 such that there is a solution
in [0, 7] x R™. Morever, if T, < oo, by continuation, if

sup
[0,T) xR™

8§n7+6u‘ < 00 (25)

then the solution extends past 7.
Fix T, > 0 and set

A(t) = H (T=2u)’ (¢, -)‘

L2(R™)
with s > n + 4. We’ll show that
sup A(t) < oo (26)
0,7.)
if € > 0 sufficiently small.
We claim that (25) = (24). To prove the claim, note that with data supported in |z| < R, then u
is supported in |z| <t 4+ R. The Klainerman-Sobolev inequality implies

n—1
2

(1+8)"= (L4t = |z[)"?

= A(t) < o0

(r<s—t"z”iu)” S [[m=ea) )

L2

Applying the fundamental theorem of calculus in the t — r direction, then

1 t — 1/2
< W=D o ag)
(1+1t)= 0,T.)

which is finite by (25). Since s > n+4 = s — |%F2] > 258 (24) follows. This proves the claim.
Fix A large enough so that A(0) < £¢. Then we’ll show

forall 0 <t < T with T < T,.
Set

E={te|0,T): A(s) <
then our goal is to show E = [0,T).

By local existence E # (). We also have that A(t) is continuous so that E is relatively closed. We
will show

which gives that E is relatively open.
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Assume A(t) < Ae. As above,
(1+)" 5 FSS*L"T“JU’@,:C)‘ ST (t, )], < cAe (27)

Now set 7% = m® — g8 (v/). Since g*?(0) = m®® we have

for sufficiently small e. And
D 19,% W) (e < ———=
+ 2

Since we assume n > 4 we get integrability:

t o0 /
exp (2/ Z Havgaﬁ(u/)(s, Nz ds> < exp (2/ (C# ds) <2
0 0

1+s)2

if € is sufficiently small.
Next we will estimate the L2 norm of (I'*u)’ for |u| < s using energy estimates and the calculation

9°? (10 0T u = TP F (u') + [9°? (1)) 0405, T*]u
=T"F() + [0, T — [r* (u')0,05, TH|u
=THF) + [0, T"u — r* (u)) [0,05, THu — [r* (u'), T"]0,05u

We claim tha teach term in the RHS is a linear combination of terms of the form
a0 T, ] < [l

where N > 2 and at most one p; satisfies |p;| > % We will not prove the claim, but refer the
reader to Sogge for justification.
Assuming the claim, we can estimate the L? norm of the RHS using (26) forall but one term, which

we leave with L? norm. That is, for |u| < s we have

CAE
. OAEA(t)

g () 2uDs T ult, ) 2 < | (r=eu) 2.0

L2

Using Proposition 7.2 and energy estimates, we find

Af) < 4 (A(O) + / F Caedls). ds>

(1+5)%
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Gronwall’s inequality then gives

Alt) < 140 exp (1Cae | (145 )
A(0)

INIA
oo OO
(LN :b

w|ﬁ>.—‘

Thus we have that E is nonempty, relatively closed, and relatively open, so that E must be all of
0,T), as desired. O
7.2.3 Brief Discussion of n < 3

In lower dimensions we do not have global existence. However, we do have a result about long time
existence, with T, — oo for ¢ — 0.

Theorem 7.6. Ifn <3, f,g € C and € > 0 is sufficiently small, then there exists a solution u to
(23) on [0,T.) x R™ with

ecle n=3
(&) n=
c n =

for some small constant c.

We do not prove this theorem, but note that revisiting the proof of local existence above we see

that we needed
T 1
€ / — dt
o (I+t)=

to be small. T, is chosen to satisfy this requirement.
Since in the case of n = 3, T increases exponentially to oo as € — 0, we say that for n = 3, there
exist almost global solutions to the quasilinear wave equation.

7.2.4 Criterion for Global Existence for n =3

In our proof of global existence, the integrability of (1 + 15)_717_1 was crucial. In the case of n = 3,
we lose integrability. In fact, one cannot say in general that there exist global solutions to the
quasilinear wave equation for n = 3.

One example, due to John, is given by the equation
Ou = (Oyu)?

with (¢,7) € R, x R3. In this case, every non-trivial C? solution with compactly supported Cauchy
data blows up in finite time. The reader is referred to John for details.
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On the other hand, consider the equation

Ou = (Qyu)? — |V ,ul?
u(0,) =ef 0,(0,")

with f,g € C2°. In this case there exist global solutions. This result is due to Nirenberg. To see
this result, set v(t,z) = 1 — e *®?), Then v solves the linear Cauchy problem

Cv = 0; v(0,-) =1—¢e; 9w(0,-) = ege™

and thus v exists globally. Since u = —log(1l — v) we have that u is a global solution provided
|||z < 1. Our earlier results on the linear wave equation guarantee that this is the case if the
initial data is sufficeintly small. Since v(0,-) = O(¢e) we see that this is obtainable for sufficiently
small e.

We also note without commentary that for Ou = |V,u|* there does not exist a global solution for
n = 3.

The natural question, then, is what condition is needed for the linear structure to guarantee global
existence for n = 37 The answer comes from what is called the null condition.

We first discuss some intuition behind the null condition. Recall that the integrability of the gradi-
ent is a key piece to existence of solutions. We have that the gradient decays like tiz away from the
light cone, which is sufficient decay. Even on the light cone, there is only one problematic direction.
The angular derivative and the derivatives in the direction of the light cone (9, + 0;) both decay
like t% In the direction (0, — 9,), which is perpendicular to the light cone, we only have % decay.
Ultimately we want to restrict to the case that each quadratic interaction contains at most one
term in this "bad” direction. The connection between this constraint and the null condition is not
trivial. However, one can follow the proof that the null condition allows for necessary decay to see
that it is equivalent to this constraint. We will not discuss this further in these notes, and doing so
is left as an exercise for the reader.

To motivate the null condition more explicitly, we restrict to the similinear equation for systems

Ou! = FI(u,u)
u(0,) =e€f; u'(0,:) =eg

for (t,z) eR, x R¥and I =1,...,N. Assume F(0,0) =0 = dF(0,0). We write

FE = REDER  FE)= Y S0P o)z e

laf=2

N 3
F = Fl(u) = Z Z a5l Dt dgu

L,M=1aB=0
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We’ll say that the null condition holds if
3
Y ainéals =0 VEst §=&+8+8
afB=0

we say that vectors ¢ satisfying &3 = & + &2 + &3 are null.
The following lemma categorizes bilinear forms satisfying the null condition.

Lemma 7.7. Let B be a bilinear form onR* x R* such that B(&,€) = 0 for all null €. Then B is a
linear combination of the null forms

3
Qo(&m) =Somo— Y _&m  Qu(&m) = &y — Eumy
j=1

We give only a sketch of a proof of the lemma.

Proof. We write B(€,€) = £T A¢ and decompose A into symmetric and antisymmetric pieces. With
Ay = A+TAT and A, = A*QAT, we have A = A, + A,. For A, we note that (T A& = 0 for all null £
and denote A = (a*”). Use the following values for &:

(£1,1,0,0)  (v/2,1,1,0)

(+£1,0,1,0)  (v/2,1,0,1)

(£1,0,0,1)  (v2,0,1,1)
to show A, = a"diag(1,—-1,—1,—1).

Working with A, is easier and is left as an exercise. We then have

1
B = CLOOQ() + 5 Z ((l‘w — CLWL> QHV

Next we bound null forms as in the above lemma.

Lemma 7.8. Let () be one of the null forms

3
Qo(v,w) = dpvdow — Y Owdw  Qu = 0w — Jwd,v
=1

Thin if t > 0,
C (0% a
Qv w)(0.2) € Ty O 0 Y I

laf=1 laf=1

where, as before, I' = {0,Q, S}.
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Proof. WLOG assume ¢ + |z| < 1. For 1 <i < j <3 we have

3 3
=2 %t
r2 r2
1 1

We calculate

1
Qij (v,w) = n [atUQijw + Qpvdjw — onvaiw]

3 3
x x
Orvldijw + E ﬁQikvﬁjw - E ﬁﬁjkv&w]
k=1 k=1

1
||

1
on(U, w) = E (E)tUonw - 8thojU)

1
:m(’x‘(ﬁvaw 0, vQw) —|—8th‘ | Qjpw — 8th| | ]kv)

where

3
_ Lj _
Qr = 2:; HQOJ = Tat + t@r

! 3
Qo(v,w) = g(@tUSw - Z Qovo;w)

i=1

| | <Q vow — O,vSw — Zszw>

=1

O
This concludes our discussion on the techniques used in using the null condition to obtain global
existence for n = 3.
7.2.5 Almost Global Existence for n = 3

We will sketch a proof of the following theorem

Theorem 7.9. Let (t,7) € Ry x R® and consider the equation

Ou = F(u)
u(0,:) =e€f;  Owu(0,:) =eg
fge

F(0) = dF(0) = 0

(28)

There exists a solution u on [0,T,] x R® with T, = exp (£).

86



Recall that for n > 3 we have the local energy estimate
T
Sup R\ |2 oy qrai<ryy + 10 |22 o ey S 140, ) 122 +/ 10u(s, -)|z2 ds
0
We claim that the following inequality holds:

T
(log(2+T))~[{2) ™24/ 2 to.rpsery + 1) /270 || 12 po.r1mmy S HUI(O:‘)HLH‘/ 1Bu(s, )| 2 ds
0

Proof. We prove the bound for each term individually.

First term
Szl =T
1)~ u HL2 (0.1 {le>1y) S 'l Lerz S RHS
x| < T
log(2+T)
||<$> 2u ||L2 ([0, T)x{|z|<T}) ~ S Z ”<x>_1/2ul”L%‘I([O,T]x{(z}zm'})
7=0
log(2+T)
< ). (RHS)
7=0
= (log(2+T))(RHS)?

Second term

[{z) /27 W22 = 227]'52 [27jHuIHLfYI([O,T]x{(@sz}) SRHS]

O

We establish one more estimate before sketching the proof of Theorem 7.9.

Lemma 7.10. Let h € C*°(R"™) and R > 1. Then

HhHLOO <Pel<) S AE h‘ E<ja|<2R)
with Z € {0,Q;;}.
Proof. We have
Il S 11072 A2
by Sobolev inequalities. Thus
1Pl oo rafmr) S R}L; )

0
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Finally we sketch the proof of Theorem 7.9. We follow the standard structure of defining u;
iteratively, establishing boundedness, then showing that the sequence is Cauchy.

Proof. of Theorem 7.9 Define u_; = 0. Let u; solve
Ouj = F(uj_,)
u;(0,-) =ef; 0w, (0,-) =eg

First we establish boundedness. Specifically, we wish to show there exists an A so that for T <
To = exp (5)

Aj(T) = (log(2 + T))71/2H<$>71/QZS10U;'HL§E [0,T]xR") T H<$>7l/2752§0“;’||L§,z([0,T]xR") < Ae
The commutator relations [J,d] = 0 = [, ;] along with local energy give
(108(2 + T) )2 Z5% 12 o eamy HI) 2 25 2o
A

T
< §€+O/o 1Z=F (u_y)|| 12 ds

Thus Ay(T) < Ze for all T.
For the inductive hypothesis, assume A;_; < Ae for all 7" < T,. It suffices to show

<t A
C/o |1Z="F (u)_y) |2 ds < 3¢

1Z0F (5 )13 S (12500411250

S Z ||Z§5“3‘—1”L°°(2J'—1g<x>g2j)||Z§10U;'—1||L2(2f—1§<x)g2j)
J
SO P2 @i m<ain) 771250 | 2@ <y <))

S 2 le) 7220
< C(log(2+ T))(Aj-1(T))*

Thus we are done if c(log(2 + T))(Ae)? < 4¢, which is true if 2C'log(2 + T)Ae < 1, which is true if
T<T.

Note that we have swept some of the details under the rug. But the components needed are there.
We ommit the proof that the sequence is Cauchy, but note that it follows the same structure as in
previous proofs. O
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